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Abstract 

Examining the symmetries of the pseudo-action, we propose a prescription for 
the new Feynman rules for the Ramond sector of the WZW-like heterotic string held 
theory. The new rules are an analog of that recently proposed for the open superstring 
held theory and respect all the gauge symmetries including those provided we impose 
the constraint after transformation. It is shown that the new rules reproduce the 
well-known on-shell tree-level amplitudes for four and hve external strings including 
fermions. 
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1. Introduction 


In the previous paper,® we examined the gauge symmetries of the pseudo-action, the ac¬ 
tion supplemented by the constraint, in Wess-Zumino-Witten (WZW)-hke open superstring 
held theory.®’® It was found that the pseudo-action has a new kind of symmetry provided 
we impose the constraint after the transformation. We proposed a prescription for the new 
Feynman rules for the Ramond (R) sector so as to respect all these symmetries. It was 
shown that the new rules reproduce the well-known on-shell tree-level amplitudes in the case 
of four and hve external states, including those that cannot be reproduced by the self-dual 
Feynman rules which had already been proposed.®’®’® The aim of this paper is to extend 
these arguments to the heterotic string held theory and to propose a similar prescription 
providing the new Feynman rules. 

Similar to the open superstring held theory, the heterotic string held theory can also be 
constructed utilizing the large Hilbert space,®’® which is WZW-like in the sense that the 
Neveu-Schwarz (NS) action is constructed as a WZW-type action.® In spite of this success 
in the NS sector, it is difficult to construct a covariant action including the R sector, which is 
a disadvantage of the formulation. Without introducing any extra degrees of freedom, only 
the equations of motion have been constructed in a covariant manner.®’® Alternatively, 
however, we can dehne the pseudo-action by introducing an auxiliary R string held. The 
pseudo-action of the heterotic string held theory is non-polynomial in both the NS and R 
string helds, which is required so as to reproduce the correct amplitudes,®’®’®’® and 
was constructed at some lower order in the fermion expansion, the expansion with respect 
to the number of the R string helds.® The self-dual Feynman rules were also proposed in 
a parallel way to the open superstring case and shown to reproduce the on-shell four-point 
amplitudes.® It was pointed out, however, that these rules contain some ambiguity, which 
appears when we calculate the amplitudes with hve or more external states including the 
fermions. 

We will examine, in this paper, the gauge symmetries of the pseudo-action in detail. It 
will be found, at some lower order in !F, that the missing gauge symmetries, which have 
been considered the symmetries of only the equations of motion, are realized as a new kind 
of symmetry under which the pseudo-action is transformed into the form proportional to 
the constraint. We will then improve the self-dual Feynman rules to those which respect all 
these gauge symmetries and have no ambiguity. We will show that the new Feynman rules 
reproduce the correct on-shell amplitudes at the tree level, at least for the case of four and 
hve external states including fermions. 

This paper is organized as follows. In ^ we will hrst summarize the known basic 
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properties of the WZW-like heterotic string held theory. After hxing the linearized gange 
symmetries, we will introdnce the self-dual Feynman rules proposed previously. Then the 
symmetries of the pseudo-action will be studied at lower-order levels in the fermion expan¬ 
sion. It will be found that the pseudo-action is invariant under the missing gauge symmetries 
if we suppose it to be subject to the constraint after the transformation. The new Feynman 
rules will be proposed without ambiguity so as to respect all the gauge symmetries. The 
on-shell tree-level amplitudes for the case of the four and the hve external states including 
fermions will be calculated in ^ and shown to agree with those obtained in the hrst quan¬ 
tized formulation. The hnal section §5] is devoted to the conclusion and discussion. Some 
lengthy results of the missing gauge symmetries at a higher order will be given in Appendix. 
The higher-order corrections to the constraint, which do not exist in the case of the open 
superstring, hrst become important at this order. 

§2. WZW-like heterotic string field theory and the self-dual Feynman rules 

In this section, after introducing the WZW-like heterotic string held theory including the 
R sector, we will recall the self-dual Feynman rules. Examining the gauge symmetries of the 
pseudo-action, we will propose a prescription for the new Feynman rules, which respects all 
the gauge symmetries. 

2.1. WZW-like heterotic string field theory 

We denote the Neveu-Schwarz (NS) string as V, which is Grassmann odd and has the 
ghost and picture numbers {G,P) = (1,0). The action for the NS sector of the heterotic 
string held theory is given by a WZW-type action, 

Sns= [ dt{rjV,G{tV)), (2-1) 

where the pure-gauge string held G(tV) is dehned as 

G(«\/)= tQV +'^t:‘[V,QV] + 'Ze(\v,{QVf] + [V,\V,QV]]) + --- , (2-2) 

by integrating the gauge transformation of the bosonic closed string held theory.® The 
BRST charge Q and the string products satisfy the algebraic relatiorP^ 

n 

0 = Q[Ri, R 2 , • • • , + ^(-1)^1+-+S-1 [Si, • • •, • • • , S„] 

i=l 

+ <^(b, • • • )) [-Sji, • • • ,Rjj,]], (2‘3) 

l-\-k=n 
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where a{ii,jk) is a sign factor defined to be the sign picked np when one rearranges the 
seqnence - ■ ■ , Bn} into the order {-Bij, • • • ,Bi^,Q, Bj^, • • ■ , Bj^J}. The arbitrary vari¬ 

ation of the integrand of the action becomes the total derivative, and is integrated as 

5Sns= -{Bs{V),r^G{V)), (2-4) 

where BsiV) is a fnnction of V and 6V defined by a solntion of some specific ordinary 
differential equation,® whose hrst few terms are given bj-^ 

2 

Bs{V) = 6V+ '^[V, 5V] + ^ (2[f", QV, 5V] + [V, [V, + ■ ■ ■ . (2-5) 

The pseudo-action for the R sector is constructed by introducing two R strings, ^ and S’, 
which are both Grassmann odd and have the ghost and picture numbers {G,P) = (1,1/2) 
and (1, —1/2), respectively. The fermion bilinear term of the pseudo-action is then given by 
a straightforward extension of that of the open superstring held theory as 

Sr[2] = (2-6) 

where the shifted BRST charge Qg is dehned by the operator acting on a general string held 
B as 

qgb= QB + y2^[Giyr^B]. ( 2 - 7 ) 

ml 

m=l 

From simple consideration, however, one can easily see that the pseudo-action has to be 
non-polynomial not only in the NS string held but also in the R string helds to reproduce 
the on-shell fermion amplitudes.® The explicit form of such a pseudo-action can in principle 
be obtained order by order in the fermions, the number of the R string helds, 

00 

SR = '^SRl2n], ( 2 - 8 ) 

71=1 

starting from fl2-6ll . where each S'R[ 2 n] contains n P and n E. In particular, the next-leading 
(four-fermion) action, which is necessary for calculating the four- and hve-point amplitudes 
in the next section, is given by 

Sr[a] = (Qg‘5’)^]g)- (2-9) 

*'> This relation is invertible and solved by 5V as 

2 

5V{Bs) = Bs- |[F, Bs] - ^ (4[R QV, Bg] - [R [R B^]]) + ■ • • . 
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( 2 - 10 ) 


Here the shifted string product [-jc is defined by 

^ m 

[Hi,-- - V^[G(Hr,Hi,-- - ,H„], 

m\ 

m=0 

for general n string helds {Hi, - - - , H„}. The equations of motion derived from the variation 
oi S = Sms + Sr agree with those obtained without introducing the auxiliary field,®® if 
we impose the constraint 


Qg‘=‘ — f?, 


( 2 - 11 ) 



12 = + + ( 2 - 12 ) 

In this sense, the pseudo-action fl2-8p describes the R sector of the heterotic string held 
theory. 


2.2. Gauge fixing and the self-dual Feynman rules 

Let us next explain how tree-level amplitudes are calculated in this formulation. For the 
NS sector, the Feynman rules can be derived from the action fl2-ip in a conventional way. 
Expanding the action in the power of the coupling constant k, 

OO 

Sns= ( 2 - 13 ) 

n=0 

the kinetic term of the NS string is given by 

\{riV,QV). (2-14) 

Since this is invariant under the gauge transformations 

6V = QAq rjAi, (2-15) 


we have to hx these symmetries to obtain the propagator. If we impose the simplest gauge 
conditions, 

bfV= foV= 0, (2-16) 


the NS propagator is given by 


nMs = 


^0 

r*00 nl'K 


de 




-TLt-iBLn 


(2-17) 


This n is denoted as i3_i/2 in Ref. [TU|) . which can be determined order by order in W. 
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The three and four NS string vertices, which are necessary for the calculation in the next 
section, are given by 

41;=|(>V.lr,QV']>, (2-18) 

s'ws = IC (QVf]) + IV, IV QVI). (2.19) 

Note that the hrst term in the four-point vertices fl2T9p contains the integration over two 
parameters (moduli) realized by the restricted tetrahedron,!^’^ and corresponding anti¬ 
ghost insert ion.The second term in fl2-19p . on the other hand, is integrated over one 
parameter, the twist angle of the collapsed propagator. 

For the R sector, however, the Feynman rules cannot be uniquely derived from the pseudo¬ 
action fl2-8p since it is not the true action. We can only propose some plausible Feynman 
rules and conhrm whether they reproduce the correct physical on-shell amplitudes. In the 
previous paper, we proposed the Feynman rules, which we refer to as the self-dual Feynman 
rules and conhrmed that they actually reproduce the well-known four-point amplitudes with 
external fermions.® We hrst summarize the self-dual Feynman rules. Similar to the NS case, 
we can expand the pseudo-action in the power of the coupling constant k as 

OO OO 

Sfl = E 4pi + E + ■ ■ ■ ■ (2-20) 

n=0 n=0 

The kinetic term of the R string, 

■S«PI= (2.21) 

is invariant under the gauge transformations 

(5!F = QAi+r]Ai, dS = QA_i+rjAi. (2-22) 

Fixing them by the same gauge conditions as for the NS string, fl2T6p . 

b+ip = ^0^ = 0, b+S = = 0, (2-23) 

the propagator of the R sector in this gauge is given by 

I-1 I-1 

ipS = = Ur 

= - = -2nMS. (2-24) 

-^0 

For the R sector, in addition, the constraint fl2-lip has to be taken into account. For the 
on-shell external states, this is naturally implemented by simply restricting them to those 
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satisfying the linearized constraint, QS = r]^. In contrast, however, the prescription for 
the off-shell (propagating) states is not nnique. The self-dnal Feynman rules are dehned by 
adopting a prescription in which only the self-dual part u = {QS r]^)/2 of the R strings 
propagates through the effective propagator 

uu = + r]nRQ) 

= —-{QUnsV + vITnsQ)- (2-25) 

Although the fermion interaction vertices can be obtained by replacing the R string helds 
with their self-dual part, we need some preparation since, unlike the case of the open su¬ 
perstring held theory, the R string helds do not appear only in the form of QS or rjd/. For 
example, the terms with three, four and hve string helds needed in the next section are given 
as 

SrP 1= (2.26a) 

Srp] = - [(Qr)^ S]) - [[K QV], S]), (2.26b) 

■Sr[’41 = |-{*I^'.(Q^)1). (2-26c) 

Srpi = - KOV')’. ^1) - [V. (Qvn S]). 

3 3 

- fi’I'l', IIV,QV],QV,S]) - [{V, [V,QV]],S]), (2-26i) 

^Pl = [QV, 't, [QSf]) + [1/, QE, [QV, S]|), (2.26e) 

by expanding the pseudo-action S^, where both the and S appear in the form not accom¬ 
panied by r] and Q, respectively. Nevertheless, if we assume that the held redehnition 

S = - - k[R, ~] - ^[V, QV, S] + ^[V, [V, -]] - ^[V, mr, S] + ^[R, [R, QR, -]] 

+ [^, S]] - ^[[^, S] - ^[V, [V, [R, S]]] + ■ ■ ■ (2-27) 

does not ahect the on-shell physical amplitudes, as with the point transformation in the 
conventional quantum held theory, we can rewrite fl2-26l) so that the S always appears in 
the form of QS thanks to the relation 

2 2 

QgS = QS + k[V, QS] + y [R, QV, QS] + ^ [R, [R, QS]] 

3 3 3 

+ |■lr.(^^V')^QH] + I-IV', IV,QV,QS]] + flV,QV, [Q.QS]] 

3 3 

+ l-llr. QV], K QS] + l-IV', IK IK QH|]] + ... . (2.28) 
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Then we can replace QS with oj in the alternative expression. Contrary to this, the pre¬ 
scription for ^ is not unique but depends on the gauge condition in general. In the simplest 
gauge fl2-23|) . we can replace ^ with ^qoj since 'P' = However, we have two 

choices in replacing either we simply replace it with u, or in accordance with the 

above prescription for \I/. Since u 7 ^ tj^qu for the off-shell states, this is an ambiguity in the 
self-dual Feynman rules, which does not appear in the four-point amplitudes. If we take the 


former choice, the interaction vertices for the self-dual rules become 

4[21= (2-29) 

( 2 - 31 ) 

4pi = - I''- R-l) - |r, ic QV, ir]|) - [V, QV, [V, ir||) 

- ^( 1 ^. |r,R<, [V,QV]]) - [K [K [r,iR||]>, (2-32) 

SrI-, = [QV,^^]) + d&iR, |r,iR]|), (2-33) 


after the replacements. It was shown that these self-dual Feynman rules reproduce the 
well-known on-shell tree-level amplitudes for the case of four external states including the 
fermions.® 

2.3. Gauge symmetries and the new Feynman rules 

In order to revise the Feynman rules, let us examine the gauge symmetries in detail. As 
was pointed out in Ref. Ej), the total action, S = Sns + Sr, is invariant under the gauge 
transformations 

Bs= QgAo, 6F= 0, QgA_i (2-34) 

by construction. The self-dual Feynman rules respect these symmetries since both of the 
QgSI and i? are invariant under fl2-34p . However, they do not include all the gauge symme¬ 
tries at the linearized level, fl2T5p and fl2-22p . which have to be fixed to invert the kinetic 
terms, fl2T4p and fl2-2ip . We can show, at some lower order in F, that the missing symmetries 
are realized as those provided we impose the constraint after transformation. 

Let us hrst consider the transformation generated by Ai in fl2-15p . which is extended to 
the nonlinear form 


dl = nA, 


(2-35) 
















at the leading (zeroth) order of ^ so as to keep the NS action fl2-ip invariant: 


0. (2-36) 

We can dehne the next-order transformation, 

i5!i 1'== -K[H',r?/li]G. (2-37) 

Bfl = y^'I',QgS,'IiA,]g, (2-38) 

SO that the total action is invariant np to the higher-order corrections: 

+ = 0. (2-39) 

At the next-next-order, however, we cannot keep the action invariant. Instead, we can hnd 
the transformations, 

3 3 

4 % = ^[^,Qg^,QgS,vMg - [^,QgS,vA]g]g 

+ ^[[^,QGS]G,'^,r]A,]G, (2-40) 

iQG‘=‘Y,V^l]G - ^[^,W,Qg^,V^i]g]g, (2-41) 

^ ~ ^WyQG^,{QG^Y,V^l]G + ^[^,['^yiQG^Y,V^l]G]G 
+ y [iP', Qg*^, [^, QgS, vAi]g]g - Qg^]g, Qg^, vA]g 
-^miQG^rh^^^vAih, (2-42) 

by which the psendo-action is transformed to the form proportional to the constraint fl2-lip : 

h1S»s+i|?!Sp] + 51 ?]Sh[4| 

3 3 

= [!P',Qg^, [v'^,Qg^]g]g) - [{QG^fhh) 

3 3 

+ [{Qg^Y, [5^, V^]g]g) - Qg^, W, Qg^]g]g)- (2-43) 

The right-hand side vanishes, np to the higher-order corrections, if we impose the constraint 
fl2Tip . We can also constrnct the nonlinear transformation generated by A^j^- The leading- 
order transformation. 



0 , 





(2-44) 
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is first combined with 

= -||H,Qg^.]c, (2-45) 

which keeps the pseudo-action invariant at 

41,.S«s+<5!?hSR[2l= 0. (2-46) 

This can be extended to the next order as 

2 

-|-|«'.0gH.QgA.|g, (2-47) 

I*!il„'== - -^{S,Qc=,QcAi]c + -^{S:,{S,QcAi]a]G, (2-48) 

(QcSf. QaAija, (2-49) 

which transforms the pseudo-action in the form proportional to the constraint as 

2 2 

= Y^(Qg^i, [Qg^, [^,fl'^]G]G) - Y^(Qg^i, [^,Qg^]g\g- (2-50) 

The remaining two gauge symmetries in fl2-22p generated by 213/2 and 2 I 1/2 can similarly be 
found order by order in The transformation 

Bf = Bf = 0, 4°^ W= riAs, 4°’ ^=0, (2-51) 

can be improved by combining with the corrections 

S'IS=0. (2-52) 

‘^‘L “ ■ ¥ I®’’ WG'^)t>?2l.]G, (2-53) 

SO as to keep the pseudo-action invariant up to 

+hty«[ 2 i = 0 , (2-54) 

+ 41 ,y«Pi+=», (2.55) 

This is also a new kind of symmetry, which is shown in Appendix by constructing the next- 
order correction. The last gauge transformation, dehned at the linearized level by 

= 0, h?’ !P'= 0, “= r]Ai, (2-56) 

^A/2 A/2 ’ A/2 ' 2 ’ ^ ^ 
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can be improved by the next-order correction 



(2-57) 


to make the action invariant at 


+ 5 !°' Sr[2] = 0 . 

^ 1/2 ^ 1/2 ^ ^ 


(2-58) 


We can hnd the next-order transformation, 



(2-59) 


(2-60) 



(2-61) 


SO as to transform the pseudo-action in the form proportional to the constraint at 



From these considerations, it is natural to expect that these new types of gauge symme¬ 
tries can be constructed order by order in !F, although we cannot yet prove it. We give the 
next-order results as a further evidence in Appendix. They are also nontrivial in the sense 
that the higher-order correction of the constraint is included. 

Since all these gauge symmetries, including those provided by imposing the constraint, 
must be important to reproduce the unitary amplitudes, we assume that they have to be 
respected by the new Feynman rules and propose the following alternative prescription: 

• Use the off-diagonal propagator fl2-24p for the R string. 

• Use the vertices fl2-26p as they are without any restriction. 

• Add two possibilities, S and !F, for each external fermion, and impose the linearized 
constraint, QS = on the on-shell external states. 

Our claim is that this prescription respecting all the gauge symmetries is more suitable for 
the Feynman rules suggested by the pseudo-action fl2-8p . This is supported by the fact that 
there is no ambiguity, associated with the self-dual—anti-self-dual decomposition already 
mentioned, in the new Feynman rules. The new prescription, in addition, has an advantage 
that it does not require any special preparation like the held redehnition fl2-27p . 
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3. Amplitudes with external fermions 


Using the new Feynman rules, we will explicitly calculate in this section the on-shell four- 
and hve-point amplitudes with external fermions. It will be shown that the results agree 
with the well-known amplitudes obtained in the hrst quantized formulation. 


3.1. Four-point amplitudes 

The on-shell four-point amplitudes with external fermions were already calculated using 
the self-dual Feynman rules and shown to agree with the well-known amplitudes obtained 
in the hrst quantized formulation.® We hrst have to conhrm that the new Feynman rules 
also reproduce the same results. 

Let us start from the calculation of the four-fermion amplitude Ap'^- The contributions 
come from the s-, t-, and w-channel diagrams constructed using two three-string vertices, 
and also a contact-type diagram containing a four-string vertexO In this paper, we denote 
for example the s-channel diagram, schematically depicted by Fig. [DJ^a), as {AB\CD), where 
A, B and D are labels which distinguish external strings. Since the order of strings A 
and B, or C and D, has no meaning in the heterotic (closed) string theory, this has as much 
information as this type of Feynman diagram. The t- and w-channel diagrams are denoted 
by {AC\BD) and {AD\BC) in this notation, respectively. Using the new Feynman rules, 

A(l)^ /3)C A(l)^ 0)6 A(l). (3)6 


6(2) (4) D C(2) (4)D D (2) (4) c 

(a) (b) (c) 

Fig. 1. Three four-point Feynman diagrams with one propagator: (a) s-channel, (b) t-channel and 
(c) u-channel. 


the s-channel contribution is written as 

41®'™’= (AY {(r*(l)QSB(2) + QSyi),«'B(2)) 

X {icb:bt)(’l'l'c(3)QSo{4) + QSc{3)rfFD{mw, (3-1) 

where the correlation is evaluated as the conformal held theory on the corresponding string 
diagram. The insertions Yc, bc^ are the corresponding helds integrated along the 

contour winding around the propagator. The numbers in the parentheses are the labels 
which distinguish each leg of the diagram, but they are redundant if we always arrange the 
The corresponding string diagrams are depicted in Ref. ID. 
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external states in order of the nnmbers from the left as in fl3-ljl . We omit them hereafter by 
taking this convention, *3 The t- and n-channel contribntions can similarly be written as 


= — y iiv'^A Q^c + Q^a V'^c)i^cbc Q^d + Q^b V'^d))w, (3-2) 

2 r 

j^iADlBC) = ^jd^T Q^D + Q^A V'l^D){^cb:bt){v'^B Q^C + Q^B V'^c))w, (3-3) 


where we used the shorthand notation 

Unlike the open superstring case, a contact-type diagram also gives the contribution inte¬ 
grated over a region of the moduli space not covered by those from these three diagrams. 
It was shown that such a contribution can be realized using the four-string interaction rep¬ 
resented by the restricted tetrahedron,^ or n-faced polyhedra for general n-string contact 
interactions,^ parametrized by 0/ (/ = 1, • • • , 2(n — 3)) in the notation in [T5]) . Then the 
contribution from the contact-type diagram (ABCD) is given by 

^(ABCD) {{hc,bc,){{v^Al'B + 'l^Ad'^B)QScQSD 

+ Q‘=^aQ‘=^b{V^C^D + '^cV'^d) + aQ B^cQ D + '^'aQ'^BV'^cQ'^D 

+ Q ^AV'^bQ ^c'^D + Q^a'I'bQ^CV'^D + Q^Aiv'^B'^C + '^B'n'^c)Q^D 

+ aQ bQ •=‘C'^D + '^AQ'=‘BQ'=‘CV'^Dj)w- (3-5) 



Here the dehnition of the parameters 6i and 6 * 2 , their integration region and the corresponding 
contours Ci and C 2 , along which the anti-ghost insertions are integrated, are given in Ref. ITS]) : 
their explicit forms are not necessary here. Adding all these contributions and imposing the 
linearized constraint QS = r]\l/ on each external state, the on-shell four-fermion amplitude 
eventually becomes 


A , _ aAB\CD) .(ACIBD) .(AD\BC) AABCD) 

= y (fT (^{{{v^A V'^B {b~bt) V^d)))w + {{{v^a V^c (bcbt) V^b V^d)))w 
+ {{{t]'Ba v'^'d ib~b^) r]WB r]'^c)))w'^ 

-h y £9 (((&C1&C2) V'^A V'^B V'^c r]'^D))w, ( 3 - 6 ) 

In Ref. [S]), we have implicitly taken this convention and distinguished each external string by the 
numbers 1 — 4 instead of the letters A — D. 
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where ((• • •))vi/ represents the correlation in the small Hilbert space: 




(3-7) 


where Oi, ■ ■ ■ , On are the operators in the small Hilbert space. The ^ on the right-hand side 
can either be local or integrated. The correlation is independent of its position or contour 
since only the zero mode gives the non-vanishing contribution. Although we can, in principle, 
map this expression fl3-6p to the well-known form in the hrst quantized formulation evaluated 
on the complex plane,^®’^ it is not necessary if we notice that each term has the same 
form as that in the bosonic closed string held theory with the identihcation of rjW and the 
bosonic string helds, both of which have the same ghost number, G = 2. Using the fact 
that the bosonic closed string held theory reproduces the correct perturbative amplitudes, 
we can conclude that the amplitude fl3-6p agrees with that obtained in the hrst quantized 
formulation. 

We can similarly calculate the two-boson-two-fermion amplitude. After a little manipu¬ 
lation, the contributions from the s-, t- and u-channel diagrams become 

= -^Jd^T {{v^^aQ^b + QSAV^Bmcb:bt){QVcvVD + vVcQVd))w, (3-8) 

2 r 

j d^T(^{7^^AQVc{b-bt)SBQVn)w + {SAQVc{b-bt)vd'BQVD)w)^ (3-9) 

2 p 

“ y y d^T[{'n'l^AQVD{b-bt)SBQVc)w + {SAQVD{b:bt)v'^BQVc)w), (3-10) 

respectively. The contribution from the contact-type diagram consists of two parts coming 
from the two vertices in fl2-26bp : 

2 p 

= - YJ HbcMiv'^A^B + SaV'^b)QVcQVd)w 
-“^ fde Hv^a^b + SaV^b) bYQVcVo + VcQVd))w, (3T1) 


where 


dd = — 


'0 




(3-12) 


is the integration over the twist angle of the collapsed propagator, and bg is the corresponding 
anti-ghost insertion. Although these four contributions other than the second term of fl3Tip 
cover the whole moduli space, they are not smoothly connected at each boundary since the 
external states in each contribution appear in diherent forms (pictures). This gap is canceled 
by the remaining contribution, the second term in fl3Tip J*i We can show this by aligning the 


These discrepancies can be interpreted as coming from the difference of the positions of the picture¬ 
changing operators.li^ The second term in (l3Tlli corresponds to the contribution from the vertical integra¬ 
tion introduced in Ref. HH). 
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external bosons in the four contributions to the same form, say {QVc, V^d)- This is possible 
by integrating by parts with respect to rj and Q, but the latter produces extra boundary 
contributions appearing through the relation 

/CX) POO f\ 

dTe-‘-i'^{b*,Q}= - ( 3 - 13 ) 

and the similar relation for the anti-ghost insertions in the tetrahedron vertex, which can be 
read from the algebraic relation fl2-3|l satished by the corresponding string products. After 
such an alignment, each contribution becomes 

=-^ I d^T + QSAV^BmKbt)QVcvVn)w 

+ — ^ d6 {{7 ]^aQ‘=‘B + Q'=‘AV'^b) bg VcViAjWi (3T4) 

2 n 

=-'^ j d^T [{v'^AQVc{^,b:bt)QSBvVD)w + {QSAQVc{^,b:bt)v'^BVVD)w) 

+ — ^ d9 [{ti'I'aQVc bg ^bVd)w + {v'^bVd bg ^aQVc)w^ , (3T5) 

2 r 

{(9'^AVVDi^cb-bt)QSBQVc)w + {QSAVVDi^cb-bt)v'l'BQVc)w) 

+ — y {^((q^AVD bg SbQVc)w + {v'^bQVc bg SaVd)w^ , (3T6) 

2 r 

= —— j d^9 {^{bcibc2){v'^AQ^B + Q^AV'^B)QVcriVD)w 

—^ y dd aQ•=-B + Q'=‘AV'^b) bg VcVb))w 

+ ‘^{v'^aQVc bgSBVD)w + ‘^{v'^aVd bg SbQVc)w 

+ ‘^{v'^bQVc bg ^aVd)w + 2(?7!P'bVd bg ^AQyc)w^ ■ (3T7) 

We can easily see that the boundary contributions are completely canceled, and the total 
amplitude becomes 

A - aABICD) .(AC\BD) .(ADIBC) . (ABCD) 

J\p2B'^ — ^p2B2 “T ^p2B2 “T ^p2B2 \ ^^2^2 

= -'^Jd‘^T (^{iT]^AQSB + QSAV^B){^cb:bt)QVcvVn)w 

+ {v'^AQVc{^cbcbc)Q^BVyD)w + {Q^AQVc{^cbcbc)V^BVyD)w 
+ {V'^AVyDi^cbc bc)Q^BQVc)w + {Q^AVyoi^cbc bc)v'^BQVc)w^ 

— d^9 {^{bcJ)c2){9^AQ^B + Q^A'9^B)QVcVyD)wi (3T8) 
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and can be rewritten as 


Af2b 2 =- tA J (fT K)Q'^cvVd))w + {{v'^AQVcib^ b'^)v'^BVyD))w 


+ {{q^AVVoib^ b+)q^BQVc))w) 

-K^ j £e {{{bc,bc,)v'PAV'PBQVcvVD))w, 


(3-19) 


after imposing the constraint. Similarly to the case of the four-fermion amplitude, this hnal 
expression agrees with that in the bosonic closed string held under the identihcation of the 
external bosonic strings and the external strings in fl3-19p . that is, rj'J/, QV and qV^ Thus, 
we can again conclude that the well-known amplitude in the hrst quantized formulation is 
correctly reproduced. 


3.2. Five-point amplitudes 

Let us next calculate the on-shell hve-point amplitudes with external fermions. We follow 
the convention in the previous subsection; we label the hve external strings by A, B,C, D, 
and E arranged in order of the number assigned to the legs as depicted in Figs. [2] and 
[3l There are three types of diagrams contributing to the hve-point amplitudes, which we 
refer to as the two-propagator (2P), one-propagator (IP), and no-propagator (NP) diagrams 
corresponding to the number of propagators to be included. The 2P diagrams contain three 
three-string vertices and two propagators as depicted in Fig. [2l which we simply denote as 
{BC\A\DE). The IP diagram contains one three-string vertex, one four-string vertex, and 




C 

(3) 

-(4) D 

(5) 

E 


Fig. 2. The topology of the five-point Feynman Fig. 3. The topology of the five-point Feynman 
diagrams with two propagators. diagrams with one propagator. 


one propagator as depicted in Fig. [31 We denote this diagram as {AB\CDE). 

There are two types of hve-point amplitudes including external fermions: the four- 
fermion-one-boson [E^B) and two-fermion-three-boson [E'^B^) amplitudes. Let us hrst cal¬ 
culate the former, E^B, amplitude. Suppose that the strings A, S, (P, and D are fermions 

The overall minus sign should be corrected if we rewrite it using the physical vertex operators in W. 
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and the string E is a boson. We begin with the calculation of the contributions from the £f- 
teen, XiC2)/‘2^, 2P diagrams. For example, the contribution of the diagram {BC\A\DE) 
is calculated as 

j^(mA\DE)^ I d?T, j d^T2 (^{{v^bSc + EbV'^'c) 

X iQ^cXXiQ)V'^Ai^C2K2bt2V)^DQVE)w 
+ {{tiEbEc + EBriEc){Qicib~^b^^Q)EAiri^c2bc2K2)v'^DQVE)w^ 

= 'fj d^T, J d^T2 [Hv'^bQEc + QEbV^c) 

X i^cib~^b'^JriEAib~^b'^^)QEBQVE)w 
+ {{v'^bQ‘=‘C + Q'=‘Bd'^c){icibcJdti)Q'=‘A{bcj3^^)riEj:)QVE)w^ 

-'^Jd^T^de [UvEbQEc + QEbV'I'c) 

X {icb~bt){r]EA bg-D - Ea bgr]ED)QVE)w 
+ {^oQ^Ei^cbc bc)riEA bg {^EeQ^^-c + Q^bV^c))w^-, (3-20) 

where the inserted operators, or bf., are integrated along the contour winding around 
the i-th propagator. We moved, by integrating by parts without exchanging the order of 
Q and the operators Q and 77 in a way that acts on the external states. This produces 
the boundary contributions, in which one of the two propagators collapsed. Eleven of the 
remaining fourteen diagrams are obtained by simply relabeling the external fermions: 

J^imAlCE) ^ ^ y I (^{{^EbQEe + QEbV'Pd) 

X i^cib~^b'^^)riEAib~^b'^^)QEcQVE)w 
+ {{v'^bQ‘=‘D + Q'=‘Bd'^D){icTbf,Jd^^)Q'=‘A{b^Ji^^)riEcQVE)w^ 

“ T / [{{v'^bQEd + QEbtiEd) 

X {^cb~b+){riEA bgEc - Ea bgr]Ec)QVE)w 
+ {'^‘cQVEi^cbc bc)v'^A bg {r]EBQ^D + Q'=‘BV'^d))w^ : (3-21) 
j^iCDJA\BE) J ^2j,^ (^{{^EcQEd + QEcV'^'d) 

X i^cib-X,)v'^Aib-X^)QEBQVE)w 
+ {{v'^cQEd + QEcr]ED){^cib~^b^^)QEA{b~^b^Jr]EBQVE)w^ 
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(PT ([ d9 (^{{v^cQ^d + Q^cV'^d) 


X (CA K)iv'^A bg bg v'^b)QVe)w 

^BQVE{^cb~b'^)T]'l'A bg {■ij'J/cQ^d + Q^cV'^d))w) , (3-22) 


,{AC\B\DE) 


j d^T2 (^{{v^aQ^c + Q^aV'^c) 


X {ic-ficibX)d'^B{bc2b'^^)Q^DQVE)w 
{{v'^aQ^c + Q^AV'^c){icTbcibti)Q^B{b~j3^^)ri'd'DQVE)w 


^ / d^T i dO (^{{ij'FaQ^c + Q^^aV'^c) 


X i^cbc bc ){r]'^B bg — ■=‘B bg rj\I/E))QVE)w 
-DQVEiicbc b'^)ri']/B bg {r]']/AQ'=‘C + Q'=‘AV'^c))w) : (3-23) 


,{AD\B\CE) 


^ J d^T, j d^n [{{v'I'aQ^d + Q^aV'I'd) 

X {icJ}cibX)d^B{b~Jd^^)QE:cQVE)w 
+ {{v'^aQ^d + QSAr]'l^D){^cib~^b^JQSB{b~^b^Jr]\l/cQVE)w^ 

-'^Jd'^T^de (^Hv'^aQ^d + Q^aV'^d) 

X (Cc^c bt){v'^B bg — ^B bg ri'l/c)QVE)w 
+ {^cQVE{^cb~b^)r]\pB bg {ri\l/AQSD + Q^aV'^d))w) , (3-24) 


,{CD\B\AE) 


^ J d^T, J d^T2 (^{{v'^cQ^d + Q^cV'^d) 

+ {{v'^cQ‘=‘D + Q'=‘Cd'^D){icTbf,Jd^^)Q'=‘B{b^JS^^)ri'd'AQVE)w^ 
-'^Jd^T^de [iiv'l'cQ^D + Q^cV'I'd) 

{^cb~b^){ri'I'B bg~A - ^B bgV'l'A)QVE)w 
+ {^AQyE{icbcbt)d'^B bg {rjd'cQ^D + Q^cV'^d))w\ (3-25) 


AAB\C\DE) 

•^F*B 


d^T, f d^T^ (^{{v^aQ^b + Q^aV^b) 


X {icib b'^)if]'d/c{b b'^)Q^DQVE)w 
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+ {{v'^aQ‘=‘B + Q‘=‘AV'^B){^cibc^b^JQ‘=‘c{bc^b'^Jr]\pDQVE)w^ 

“ T / {^Hv'^aQ^b + Q^aV'^b) 

X i^cbc bt){v'^c bg ^D — •=‘C bg ri']/D)QVE)w 
+ {'^‘DQVEiicbc bc)v'^c bg {ti'I'aQ'^-b + Q'=‘AV'^b))w^ : (3-26) 
j^(ADJC\BE) j j + Q^aV'^d) 

X {icib~j3X)'b'^c{b~j3'^^)QSBQVE)w 

+ {{v'^aQ^d + QSA'n'^D){^cib~^b^JQSc{b~^b^^)r]\l/BQVE)w^ 

-'^Jd^T^de (^{{t^^aQSd + Q^aV'^d) 

X {^cb~b'^){ri^c bg^B - S’c bgr]^B)QVE)w 
+ {^BQVE{^cb~b'^)T]\l/c bg {r]\l/AQ^D + Q^aV'^d))w^ , (3-27) 

^(SDICIAE) ^ ^ y y 

X i^cib~^b^^)rid'cib~^b^^)QSAQVE)w 

+ {{v'^bQ‘=‘D + Q'=‘BV'^D){icibcJdti)Q'=‘c{bcj3^^)ri']/AQVE)w^ 

—^ y d^T y dO (^{{r]\l/ bQD + Q'^bV'^d) 

X (^C&;r&;^)(?7!^c - ■S’c- bgr]^A)QVE)w 

+ {^AQyE{.icb~b'^)'q'l/c bg {ji'I'bQ^d + Q^bV'^d))w^ : (3-28) 

^(ABIDICE) ^ ^ y ^2y^ y ^2y^ + QHAr/>^B) 

X (Cci&7i&^J^7!^D(&72^j'JQ‘5’c-gV£;)iy 

+ {{v'^aQ^b + QSA'n'^B){^cib~^b'^^)QSD{b~^b'^^)r]\PcQVE)w^ 

-'^Jd^T^de (^{{v'^aQ^b + Q^aV'^'b) 

X {^cb~b'^){r]\I'E) bgSc - bgri'I'c)QVE)w 
+ {^cQVE{^cb~b^)r]\l/E bg {rjd'AQ^B + Q^aV'^b))w^ , (3-29) 
j^iAC^DlBE) ^ ^y ^2y^ y ^2y^ + 

X i^cib~^b^^)rid'Dib~^b^^)QSBQVE)w 
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+ {{v'^aQ‘=‘C + Q‘=‘AV'^c){^cibc-^b^JQ‘=‘D{bc^b'^Jr]^BQVE)w^ 

-'^ I d^T^de [Hv'I'aQ^c + Q^aV'^c) 

X (Cc&c K)iV'^D bg — —D bg ri^B)QyE)w 
+ {^BQ^Ei^cbc bt)v'^D bg {ri']/AQ‘=‘C + Q^aV'^c))w^ , (3-30) 
j^iBcmAE) j j (^{(r^d^sQSc + QSbV'^c) 

X i^crb-X,)V'^'Dib-bX)QSAQVE)w 

+ {{v'^bQ^c + Q^BV'^c){^cib~^b^JQSD{b~^b^jT]\pAQVE)w^ 

-'^Jd^T^de (^{ir]^BQSc + Q^bV'^c) 

X {^cb~b'^){ri^D bg^A - bgr]d^A)QVE)w 

+ {•=‘AQVE{^cbc bc)'f]'^D bg {r]^BQ‘='C + Q‘=‘BV'^c))w^ ■ (3-31) 

The last three contributions, coming from the diagrams including the boson in the center, 
are obtained by calculating one of them, for example, 

_^t4fl|E|CD)_ (-|)"| j £B J d‘E {{(vd'AQSB + QSAVd'B'HUKfiXQ) 

X VE{r]^c2bc2bt2)iv'^cQ^D + QScT]\1/d))w 

+ {{v'^aQ^b + QSAV'l'B){^cib~bXri) 

X VE{Q^C2bc2bt2)iv'^cQ^D + Q^cV'^d))w 

+ Hv'^'aQ^b + QSAV'i'B)iicib-Xi) 

X QVE{r]^c2bc2bt2)iv'^cQ^D + Q^cV'^d))w 

+ Hv'^'aQ^b + QSAV'i'B)iicib-bXT]) 

X QVE{^c2bc2bt2)iV'^cQ^D + Q^cV'^d))w 

+ {{v'^'aQ^b + QSAV'i'B){^cib~^b^^Q) 

X riVE{^c2bc2bt2)iv'^cQ^D + Q^cV'^d))w 

+ Hv'^aQ^b + QSAV'i'B)iicib-X,) 

X riVE{Q^C2bc2bt2)iv'^cQ^D + QScr]\pD))w^ 

= ^j d^T, J d^T2 iiv'l'AQSB + QSAV'l'BmcXX) 

X QVE{b~^b'^J{r]d/cQSD + Q^cV'^d))w 
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+ y y (fT <j) d6 + Q^AV'^B){ichc K) 

X Ve bg {t^'I'cQ^d + Q^cV'^d))w 
+ {{v'i'cQ^D + QScV'^'D){^cb~b^) 

X Ve bg {ti'^aQ^b + Q^aV'^b))w^ , (3-32) 


and relabeling its external fermions as 

_^IACJEIBD) ^ A j j {{^<tAQEc + QSAl)<tcM.,KfiX) 

X QVE{b^^b'^^){ri^BQ^D + Q^bV'^d))w 

+ Y j ^ de (^{{T]'d'AQ^c+ Q^AV'^c)i^cb~bt) 

X Ve bg {ti'I'bQ'^-d + Q'=‘BV'^d))w 
+ {{v'^'bQ^d + QSBV'i'D){^cb~b^) 

X Ve bg {rjd'AQ^c + Q^aV'^c))w^ , (3-33) 

^MD|E|BC)_^y^Tiy/Tj {(rii'AQSD + QEAri'^BmA,-l>t) 

X QVE{b^^b'^^){rjd'BQ^c + Q‘=‘BV'^c))w 
+ ^y d^T^de (^Hv'^AQ^D + Q^AV'^Dmcb-bt) 

X Ve bg {ri\pBQ^c + Q^bV'^c))w 
+ {{v'^bQ^c + Q^BV'^c){^cb~b^) 

X Ve bg {r]d'AQ‘='D + Q‘='AV'^d))w^- (3-34) 

Note that the external boson appears in the same form QVe in all the dominant contributions 
integrated over (a part of) the full moduli space. 

There are ten, 56 * 2 , IP diagrams classihed two categories by whether the external boson 
is attached to the three-string vertex or the four-string vertex. It is enough to calculate only 
one of the contributions in each category, and the others can be obtained by relabeling the 
external fermions. The amplitudes in the hrst category are given by 

j^iABJCDE) 1^2 j. I ^2 q 

X {bcibc2){v'^cQ^D + Q^cV'^d)QVe)w 
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+ '^Jd‘^T^de (2{i7]^AQSB + QSAV'^BmKbt) 

X iji'I'c bg^D — bgr]'^D)QVE)w 

+ 2{{ri'I'AQ^B + QSAV'i'B){^cb~b^) 

X iv'^D bg ~ •=‘D bg d'^c)QyE)w 

- {{7]^aQ^b + QE:Ar]^B){^cb~b'^) 

X Ve bg {ri\PcQ^D + Q^cV'^d))w^ , (3-35) 

^UCIBDE) jdH {{:d<tAQSc + QEAt)<l'c)((,cKK) 

X {bcibc2)iv'^BQ'=‘D + Q'=‘BV'^d)QVe)w 

+ '^ I d'^T^de {2{i7]d^AQSc + Q^AV'l'c)i^cb:bt) 

X {rj'I'B bg — ‘^‘B bg r]D)QVE)w 

+ 2{{ri'I'AQ^c + QSAV'i'c){^cb~bt) 

X {r]'^D bg — '=‘D bg ri'^B)QVE)w 

- {{v'^aQ^c + Q^Ad'^c){icb~bt) 

X Ve bg {tiII/bQ^d + Q‘=‘BV'^d))w^ , (3-36) 

j^imBCE) (^^r,^^QSr, + QEAr,'^D){icb-bt) 

X {bcibc2){v'^BQ^c + Q^bV'^c)QVe)w 

+ '^Jd‘^T^de (2{i7]^AQSD + QSAV'^Dmcb:bt) 

X {t]'1'b bgSc — ^B bgT]c)QVE)w 

+ 2{{7]'1'aQ^d + QE:A'n'^D){icb~b'^) 

X {ri'I'c bgSs — ‘5’c bgri'l'B)QVE)w 

- {{v'^'aQ^d + QSAV'^'D){^cb~bt) 

X Ve bg {ti'I/bQ^c + Q^bV'^c))w^ , (3-37) 

ABCAADE) jdH {HfBQSc + QSBificMcKK) 

X {bcibc2)iv'^AQ^D + Q^aV'^d)QVe)w 

+ ^ I d^T^de (2{i7^^BQ^c + Q^BV'l'cmb;bt) 

X id'^A bg^E — ^A bgT]D)QVE)w 
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+ 2{{r]^BQ^c + Q-BV'^c){icbc K) 

X (rj'l'r) bg^A — bgri]I'A)QyE)w 

- {{v'^bQ^c + Q^BV'^c){^cb~b^) 

X Ve bg {ti'J/aQ^d + Q^aV'^d))w^ , (3-38) 

j^imACE) (^^r,^j^QSB + QEBr,^D){icb-bt) 

X {bc^bc2)iv'^AQ^C + Q^AV'^c)QyE)w 

+ '^Jd^T^de (2{i7]^BQSD + QSBV'^Dmcb:bt) 

X {r]'^A bgSc — ^A bgTic)QyE}w 
+ ‘2{{r]\['BQ^D + Q^BV'^D){^cb~b^) 

X {rj'^c bg Sa — S’c bg 'f]'^A)QyE)w 

- {{rj^BQ^D + QSBr]'l'D){^cb~b^) 

X Ve bgirj'I'AQ^c + Q^aV'^c))w^ , (3-39) 

j^iCDlABE) ^^j^2j.j ^2^ {^r]^cQSB + QScV^D){^,b-bt) 

X {bc^bc2)iv'^AQ^B + Q^AV'^B)QyE)w 

+ '^ I d^T^de {2{iij^cQ^D + QScV'l'D)i^cb:bt) 

X {rj'^A bg^B — ^A bgriB)QyE)w 
+ 2{{r]\l/cQSD + QScT]'^D){^cb~b^) 

X {r]\l/B bg^A — S’e bgr]\pA)QyE)w 

- {{v'^cQ^d + QScV'^D){^cb~bt) 

X Ve bg{ri\I'AQ^B + Q^aV'^b))w^ , (3-40) 

and those in the second category are 

^MEIBCD) _ ^ j j ^2^ (^{rii'^QVE{V>cK)i’>C,’>C,) 

X [ti'I'bQ'^^cQ'^-d + Q‘=‘BV'^cQ‘=‘D + Q'=‘bQ'=‘CV'^d))w 
+ {Q'=‘AQyE{icbc bt){bcJ)C2) 

X {QSbV'^cV'^d + t]\I/bQE:cT]']/d + r]'^BV'^cQ^D))w^ 
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.{BE\ACD) 

•^F^B 


.{CE\ABD) 

•^F^B 


X {rj'I'B bg{ri'i'cQSD + QScti'I'd) + Q^b h'^rj'I'c'n'^D 

+ rj'I'c bg {ti'I'bQ^d + QSbV'^'d) + Q^c b^ r]'!' bV'^d 
+ rj'i'D bg {ti'I'bQ^c + Q^bV'^c) + Q^d b'^r]'I'B'n'^c))w) 

— — y (fO y dO {{bcJ)c2){'^Bd'^cQ^ D + 'I'bV'^dQ^c + '^cV'^dQ^b 

+ 'Pcti'I'bQ'^-d + '1'dV'^bQ^c + '^dV'^cQ‘=‘b) bg ^iaQ^e^w-, ( 3 ' 41 ) 

dH {[vtBQVEiicKh+Aihcfic) 

X (ti'I'aQ^cQ^d + Q^aV'^cQ^d + Q^aQ^cV'^d))w 

+ {Q'=‘BQVE{icbc bt){bcibc2) 

X [Q-ati'I'cV'^d + rj^AQ^cV'^D + ri'^AV'^cQ^D))w^ 

+ '^Jd^T^de (^{SBQVEi^cb-bt) 

X ['q'I'A bg{r]^cQ^D + QScV'^'d) + Q^a bg'q'I'c'n'^D 
+ ?7!Z>c bg {ti^aQ^d + QSaV'I'd) + Q^c bgrf'I'A'n'^D 
+ {ti'I'aQ^c + Q^aV'^c) + Q^d bgri'I'A'n'^c))w) 

— — y y dO {{bcj^bc2){'^AV'^cQ‘^D + '1'aV'^dQ‘=‘C + '^cV'^dQ‘=‘A 

+ 'I'cV'^aQ^d + '1'dV'^aQ^c + '^dV'^cQ^a) bg SbQVe)w: (3-42) 

y fd^T jdH {[v'l'cQVE((.cKK)(f>aba) 

X {v'^aQ^bQ^d + Q^aV'^bQ^d + Q^aQ^bV'^d))w 
+ {Q'=‘cQyE{icbc bt){bcibc2) 

X {Q-aV'^BTI'^D + rj^AQ^Bd'^D + 'n'I'A'n'^BQ^D))w^ 

+ ^Jd^T^de (ScQVEiicb^bt) 

X ['q'I'A bgirf'I'BQ^D + Q^bti'I'd) + Q^a bgri'I'EV'^D 

+ ?7!P'ij bg{T]'I'AQ^D + QSaV'^'d) + Q^B bgTl'I'Ari'^D 

+ ri^D bg {ti'I'aQ^b + Q^aV'^b) + Q^d bgri'd'AV'^B))w^ 
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~ Y2 J y d6{{bc^bc2){'i'AV'^BQ^D + ^aV^dQ^b + '^b'H'^dQ^a 

+ 'l^BTl'd'AQ^D + 'I'dV'^aQ^b + ^dV^^bQ^a) bg ScQVe)w, ( 3 - 43 ) 

X (ti'I'aQ^bQ^C + Q^AV^^bQ^C + Q^AQ^BV'd'c))w 

+ {QSDQVE{^cb~b^){bcibc2) 

X {QEA'n'i'B'n'd'c + 'ii^aQ^bv^c + 'n^A'n^BQ^c))w) 

+ ^ I d^T^de (SnQVEi^cKbt) 

X bg{r]'I'BQ^c + Q^B'n'd'c) + Q‘5’a bgri^BTiWc 

+ bgirf'I'AQ^c + Q^aV^c) + Q‘5’s bgi^^AV'^'c 

+ bg {tj^aQ^b + QSaV'I'b) + bgT]^A'n'd'B))w^ 

— — y {ibcibc2){d'AVd'BQ^C + ^Ad^cQ^B + ^bV^^cQ^A 

+ \b'BVd'AQ^C + 'I'cV'd'AQ^B + d'cV'^BQ'^-A) bg Ee)QVe)w- ( 3 - 44 ) 

The contributions from the last (NP) diagram can also be divided into two parts; the dom¬ 
inant part integrated over the whole moduli space and the boundary part coming from the 
hrst and the second four-string vertices in fl2-26ep . respectively: 

= '^ J d'^e {^{bcibc2bc3bc4){v'd'AV'^BQ^cQ^D + V'd'AQ^BV'^cQ^D 

+ T^^aQ^bQ^cTI'I'd + Q^ATl'd'BTl'^cQ^D 
+ Q‘=‘A'd'd^BQ‘=‘CV'^D + QaQBV ddcV'd^D) QVe) W 

+ — y d‘^6 ^ dO (^{{bcibc2){'l'AVd'BQ'=‘C +'^aV'^cQ'=‘B 

+ 'd^BV'd'cQ^A + ^bV^aQ^C 

+ WcTJ^aQ^B + 'd'cTl'I'BQ‘=‘A) bg ^ElQyE)w 

+ {ibcibc2){'d'BV'd'cQ^D + '^b'H'^dQ^c 
+ 'I'cV'd^nQ^B + '^cV^bQ^d 

+ 'I'D'dd'BQ^C + d'B'nd'cQ'^-B) bg ^aQVe)w 

+ {ibcibc2){'d'AV'd'cQ^D + '^aV'^dQ^c 
+ ^CV^dQ^A + d/Qll^AQ^D 
+ 'I'E)r]']/AQ‘=‘C + 'd'oV'd'cQ'^'A) bg 2 ZbQVe)w 
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+ ((^c'i^c'2) {'^aV'^bQ‘=‘D + '^aV'^dQ‘=‘B 

+ \I/bT]'!'dQA + '^BV'^aQ'^D 

+ 'Poti'I/aQ'^-b + '1'dV'^bQ'=-a) bg ■=^cQyE)w^ ■ (3-45) 

The total amplitude is obtained by summing up all these contributions. Almost all the 
boundary contributions are canceled, except for a small portion given by 

-^jd^T ids X ((.HxOUKot^y) 

X (?7!P'b bgirf'I'cQ^D + Q^cV'^d) - ‘^Q^b b'^'q'I'c'n'^D 

+ rj'I'c bg {ij'I'bQ^d + QSbV'^d) - ‘^QSc bg7]^BV'^D 
+ r]'I'D bg {ti^bQ^c + Q^bV'^c) — ‘^Q^d b'^'q'I'B'tl'^c))w 
+ {SBQVE{^cb~b'^){r]^A bg{r]'^cQ^D + Q^cV'^'d) - 2QSa bgrj'^cV'^D 
+ T^'Pc bg {ti'I'aQ^d + Q^aV'^d) - ^QSc b'^'q'l' aV'^d 
+ r]'I'B> bg {ti'I'aQ^c + Q^aV'^c) - ‘^.QEd bgri'I'AV'^c))w 
+ {ScQVE{^cb~b^){r]^A bg{ifj^BQ^D + Q^bV'^d) - ‘2QSa bg'q^BV'^D 
+ rj'i'B bg {ti'I'aQ^d + QSaV'I'd) - 2QSb bgiri'I'An'I'D 
+ ri^E, bg {ti'I'aQ^b + QSaV'^b) - ^Q-d bg'q'I'A'n'^B))w 
+ {SDQVE{^cb~b^){ri'FA bgiri^BQ^c + Q^bV'^c) - ‘^■Q^a bgri'^EV'^c 
+ r]'I'B bg {ti'I'aQ^c + Q^aV'^c) - ^QSb b'^rf'I'A'n'^c 
+ r^Wc bg {ti'I'aQ^b + Q^aV'^b) - ‘^QSc bgr]^A'n'^B))w ), ( 3 - 46 ) 

which vanishes if we impose the constraint QS = tj^. In consequence, the total amplitude 
can be written as the sum of the dominant contribution of each diagram, which can be 
evaluated as the correlations in the small Hilbert space as 

Ae4b = J d^Tid^T 2 (^{{r]'d'BV'd'c{b~b^^)v'd'A{b~^b^^)r]'d'DQVE)) + 14 terms) 

+ y (fT(fe (^{{r]'d'AV'd'B{b~b^){bcibc 2 )v'd'cV'd'DQVE)) + 9 terms) 

+ 1 ^^ j {{{bc,bc2bc3bc4)v'd'AV'd'BV'd'cV'd'DQVE)). (3-47) 

after imposing the constraint. The first, second and third lines come from the 2P, IP, and 
NP diagrams, respectively. Each of these contributions has the same form as that in the 
bosonic closed string held theory if we identify the bosonic string helds with rj']/ or QV. 
Hence the four-fermion-one-boson amplitude calculated by the new Feynman rules agrees 
with the well-known amplitude in the hrst quantized formulation. 
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We can similarly calculate the two-fermion-three-boson, F^B^, amplitude. The 2P dia¬ 
gram {BC\A\DE) is, for example, given by 

_^(mAlDE) ^ K j j (UKX’i) 

X SA(Qi,,K,bX}(QVDriVE + riVDQVE))w 

+ {FbQVc iv^cib-bX)v'^'A 

X {Q^c,b-bt)iQVDVVE + vVDQVE))w), (3-48) 

using the new Feynman rules. We can move Q, by integrating by parts, so as to act on S, 
and align the external bosons as (QVcjQVdjTiVe), which are uniquely realized by requiring 
not to exchange the order of Q and 

_^JBC|X|DE) _ _ y (^{rii'BQVc{SnbX>Q^A{KK,)QVDriVE)w 

+ {QSBQVc{UKX)’l'i'A(.b„b+)Q'^'DriVE)w) 

+ dy deride {((d<i'BQVc(b-bt)QSB 

+ Q‘=‘BQVcib^ b'^)rfFA) bg VeVe)w 
+ {SBQVc{^,b-bt)v'pA bgiQVDvVE + vVdQVe))w 
+ {{QVdvVe + vVDQVEmcb-bt) 

X {t]Fa bg^B — Fa bgT]FB)QVc)w 

+ {VDVE{b-bt) {v^A bgQFB + QFa bg7]FB)QVc)w) ■ (3-49) 

According to this recipe, the contributions from the other fourteen diagrams are similarly 
calculated as 

AmA\CE)^ _Aj y^2j,^ {{rit'BQVD((;cXX)Q^A(b-bt,)QVcriVE)w 

+ (QSBQVo(Ub-cX)b'I'A[hlht,)QVcdVE)w) 

+ dy d^rfde {{(r,ii'BQVD{b:bAQSB 

+ Q^^^BQVnib^ b'^)r]FA) bg VcVe)w 
+ {FBQVE>{^cb:bt)v^A bg{QVcr]VE + vVcQVe))w 
+ {{QVcvVe + vVcQVEmb-bt) 

X [rjFA bg Fb — Fa bg ^'I'b)QVd)w 

+ {VcVE{b-X){v^A bgQFB + QFa bgV^B)QVD)w), (3-50) 
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.(BE\A\CD) 


.{AC\B\DE) 


.{AD\B\CE) 

•^F^B^ 


- Y / d^T, I (^{v'l'BVVEi^cXX)Q^A ib-bX)QVcQVD)w 

+ {QSBvVEiUb-K)vd'A ib-bX)QycQVD)w) 

+ y / d^T^de (^{{v'l'BVEib:bt)QSA + QSBVEib:bt)vd'A) 

xb^{QVcVD + VcQVD))w 
+ {SBQVE{^cb:bt)v^A b^iQVcvVD + vVcQVd))w 
+ {{QVcvVd + vVcQVDmb-bt) 

X {v'd'A bg ^B — •^‘A bg ^'d/B)QVE)w 

-{{QVcVd + VcQVbWX) 

X {rjd^A bgQ^B + Q^a bgrj'I'B)VE)w^i ( 3 - 51 ) 

- Y / d^T, I d^n (^{v'l'AQVc{i,XX)Q^Bib:X,)QVDVVE)w 

+ {QSAQVci^,,b-bt)vd'Bib-bX)QVDVVE)w) 

+ y / d^T^de (^{{r^^AQVc{b:bt)QSB 

+ QSAQVc{b:bt)v^B) bgVDVE)w 
+ {SAQVc{^,b:bt)v^B bgiQVDvVE + vVdQVe))w 
+ {{QVdvVe + vVDQVE){^cb-bt) 

X [rj'l'B bg^A — ^B bgr]'l/A)QVc)w 

+ {VoVE{h-h*)(r,>tB bgQS,t + QSb b^-r,>tB)QVc)w ), ( 3 - 52 ) 

-y jd^Ti j SB {{ri'i'AQVD(UK,K,)Q=B(KX)QVcrtVE)w 

+ {QEAQVB(CcXX)’l'i'B(.t>^t>:,)QVcriVE)w) 

+ '^ [deride ([UtBQVoib-bAQSB 

+ bgVcVE)w 

+ {SAQVD{icb-X)yi'^B bgiQVcvVE + vVcQVe))w 

+ {{QVcvVe + vVcQVe) 

X {^cb~b^){ri^B bg-A - Sb bgr]'FA)QVD)w 

+ {VcVE{b^ b'^)(r]d'B bg Q:=,a + Q‘=‘B bgri\['j^QVD)w^i 


(3-53) 



- ^1 cPt, j (fT^ {{r,^Ar,VE{icK,hX)Q^B ih-,hl)QVcQVD)w 

+ {QSAvVE{icX,hX)v^B ib-bX)QVcQVD)w) 

+ ^J d^rjdO {{{7^^AVE{b-bt)Q^B + QSAVE{b-bt)d'l^B) 

^b-,{QVcVD + VcQVE))w 
+ {SAQVE{icb-bt)d'^B bgiQVcvVD + vVcQVd))w 
+ {{QVcvVd + vVcQVDmb-bt) 

X [fid's bg^A — bgf]d/A)QVE)w 

-{{QVcVD + VcQVE){b-X) 

X [fid's bgQ^A + Q^b bgfid'A)VE)w^-, (3'54) 

= - y y ci'Ti y* d^T2 {{'I'^aQ^b + Q^a'I'^b) 

X {icKK)Qyc{b-jX)QVD'lVE)w 
+ '^1 d^T jde (2{{Ti^AQ^B + Q^A'l'^B){b-bt)QVcb-gVDVE)w 

- {{v'^aQ^b + QSAV'^B){^cb~bt) 

X V^C bgiQVovVE + vVdQVe))w 

- {{QVdvVe + vVDQVEmb:bt) 

X Vc bgifld/AQ^B + Q^aV'^b))w 
+ 2{VDVE(Kht)QVc h^{r,i>AQEB + QEArifB))w), ( 3 - 55 ) 

jiAD^c\BE)^ - Y j j {{nfiQVD(EXX,)QMK>>i)QSBriVE}w 

+ {QEAQVo(EX'’t)QfcXX)’l'''BriVE)w) 

+ ^ jd'^Tide (^{t,'d'AQVD{Kbt)QVcb^SBVE)w 

— {:=,AQVD{bc b'^)QVc bg rid'BVE)w 

+ {fld'BVsib^ b'^)QVc bg ^aQVd)w 

+ {SBVE{b:bt)QVc bAlfAQVDU ), ( 3 ' 56 ) 

^t4E|C|BD)_ -y j d^ [{bfAbVE(EKbi)QVc(b-X,)Q = BQVD)w 

+ {QSAbVE(E^b:XAQfc(b:XX'i'BQVDA) 
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( 3 - 57 ) 


+ y/ d^ridB (_(rfI'AVEKbt)QVc b^SBQVD)w 

+ {^AVE{b~b^)QVc b'^rj']/BQVD)w 
+ {v'^BQVoib^ b'^)QVc bg ^aVe)w 

— {^BQyoib^ b'^)QVc bg 'r]^AVE)w^, 

= - ^ jd^T,j (fT^ {{v^aQ^b + Q^aV'^b) 

X i^c,b-bX)QVDib:X)QVcvVE)w 
+ jj d^rjdd {2{{r^^AQ^B + Q^Ad^B){b-bt)QVDbgVcVE)w 

- {{d^AQ^B + QE:Ar]^B){icb~b'^) 

X Vd bgiQVcvVE + vVcQVe))w 

- {{QVcvVe + vVcQVEmcb:bt) 

X Vd bg {ji'I'aQ^b + Q^aV'^b))w 
+ 2{VcVE{b-bt)QVD bAvd'AQSB + QSAr,fB)}w), ( 3 - 58 ) 

AACWbe)^ - y / J d?E [{rifAQVc(Ub:fit)QVD(b-„bX)Q^Br,VE)w 

+ (QSAQVc(C,Ab:X)QVD(b:J>t.)b'I'BbVE)A) 

+ y/ deride {(rfI'AQVc(.b;bAQVD V=b'^e)h- 

— {^AQVc{bc bc)QVD bgri']/BVE)w 
+ {v'^BVE{b^ b'^)QVEi bg ^aQVc)w 

+ {SBVE(b:b+)QVo b^vd'AQVAw), (3 59 ) 

AAmwc)^ - y/ Jd^B ({n^AnVE(UbAbX)QVD(b:,bl)QEBQVc)w 

+ (QSAi)VE(C,AbXX)QVD(b-fiXWBQVc)A) 

+ y/ ‘I^TidO (^(rftAVEKbXQVobiEBQVAw 

+ {‘=‘AyE{bc b'^)QyD bg ri'^BQyc)w 
+ {v'^BQydbc bdQyo bg EZAyE)w 

— {SBQydbddQyD b-gidAyE)w ), (s-eo) 
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d^T2 Hv'^aQSb + QSaV'^b) 

X i^c,b-X)vVEib-X)QVcQVn)w 

+ '^ J d^T jdO (2{{i^^AQ^B + Q^Ad'^B){b-X) 

X Ve b^iQVcVD + VcQVd))w 

- {{v'^'aQ^b + QSAV'i'B){^cb~bt) 

X Ve b^iQVcvVn + vVcQVd))w 

- {{QVcvVd + vVcQVD){^cb:bt) 

X Ve bg {ti'I'aQ^b + Q^aV'^b))w 

+ 2{{QVcVd + VcQVD){b-bt) 

X Ve bg {ti'J/aQ^b + Q^aV'^b))w^ , (3-61) 

^MC|E|BD)_ _Aj{{rit'AQVc(^c,b;X)riVE(KK,)Q^BQVD)w 

+ (QSAQVc(CcXXJ’tVE{KX)ri'^BQVD)w) 

+ y jderide [{,,<!'AQVc(Kbt)VEb^S bQVb)w 

+ {EAQVc(hZht)VE h^r,i>BQVD)w 
+ {v'^bQVd (^c bt)VE bg ^aQVc)w 
+ {SBQVD{b;bt)VE b^v'fAQVAw), ( 3 ' 62 ) 

^(BC|B|AD)_ _Aj J (^l^rid'BQVc{ScXXjriVEKXjQSAQVD)w 

+ (QSBQVo(l;„b-btJ’tVE{bX)tl'^AQVD)w) 

+ Y j deride ({v'tBQVc{b:bt)VEh^SAQVB)w 

+ {‘=‘BQVc{b^ b'^)VE bg Tj^ aQVd)w 
+ {v^aQVd (&c bc)VE bg ezbQVc)w 
+ {SAQVD{b-bt)VE bgV'^BQVc)w). (3-63) 

The contributions from the IP diagrams are also calculated in the same manner, for example: 

= - y y d'T y d^e {{v^aQ^b + Q^aV^b) 

X {.icbc,b'^){bcibc2)QVcQVDVVE)w 
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d'^T^de (2{i7]^AQSB + QSAV'^B)ib:bt)QVcb^VDVE)w 

- {{v'^aQ^b + QSAV'i'B){^cb~b^) 

X Vc bgiQVDvVE + vVdQVe))w 

+ 2{{rjd'AQ^B + Q‘=‘AV'^B){bc bc)QVD bg VcVe)w 

- {{rj^AQ^B + QSAr]'l'B){^cb~b^) 

X bgiQVcvVE + vVcQVe)))w 

+ 2{{ri'd'AQ^B + QSAV'i'B){b~b^) 

X Ve bgiQVcVD + VcQVd)))w 

- {{v'^'aQ^b + QSAV'^B){^cb~b^) 

X Ve bgiQVcvVD + vVcQVd))w) 

+ ^ Jd^ejdO {{bc,bc,)iQVcVD + VcQVd) 

X Ve bg{rj'l/AQ^B + Q^aV'^b))w: 

+ d9 ^ d9' {{tti'I'aQ^b + Q^aV'^b) 

X bg (Vc bgiVo + Ve bg,Vc)VE)w- (3-64) 

The external bosons in the dominant contribution, the hrst term, are again aligned as 
{QVc, QVe, vVe)- The contributions from the other nine IP diagrams are also calculated as 

= -Y I I {iv'^AQVci^,bYt)ibc,bc,)QSBQVDvVE)w 

+ {Q^AQVc{^cb~bY{bcibc2)v'^BQVD'r]VE)w^ 

j d‘^T^d9 (^{{v'^AQVcib-bt)QSB + QSAQVcib:bt)v'^B) bgVDVE)w 

+ {SAQVc{^,b;bt)v^B bgiQVovVE + vVdQVe))w 
+ 2{r]^AQVcib;bt)QVD b-gEBVE)w 

- 2 YAQVc{b-bt)QyB b-glfd>BVE)w 

+ 2i,ri^I^AQVc{b-bt)yE bgEBQVE)w 

+ 2{EAQVc{bYt)VE bgV^BQVD)w) 

+ — y d^9 ^ d9 (^{{bcibc2)v'^BQVDVE bg EaQVc)w 

+ {{bcibc2)EBQVEVE bg ti'I'aQVYw^ 
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+ {{v'^'aQVc b^SB - SaQVc b^ri^s) bs,VDVE)w, ( 3 - 65 ) 

-'^Jd‘^Tj (fe [{v'l'AQVni^cb-bt)ibc,bc,)QSBQVcvVE)w 

+ {Q^AQVD{^cb~b'^){bcibc2)v'^BQVcV^E)w^ 

I d^T jde [{{d^AQVD{b-bt)Q^B+ QSAQVD{b-X)d'^B) bXcVE)w 

+ {SaQVeXXXb bgiQVcvVE + vVcQVe))w 
+ 2{7]'^AQVDib:bt)QVc bXBVE)w 

- 2{SAQVDib:bt)QVc b^r]'^BVE)w 
+ 2XAQVDib:bt)VE b^SBQVc)w 
+ 2{SAQVE{b-bt)VE bgV'pBQVX) 

+ — J ^ (^{{bcibc2)v'^BQVcVE bg :=,aQVd)w 

+ {{bcibc2 )‘=‘bQVcVe bgr]'^AQVD)w^ 

+ '^^de^de' (XaQVd b-gSB - SaQVd bgV'^B) bXcVE)w, ( 3 - 66 ) 

- ^Jd^Tj d^e [XAriVE{icb-bt)iPcX)Q^BQVcQVD) 

+ {Q^AVVE{^cb~b^){bcibc2)v'^BQVcQVD)w'^ 

I d^rjdo [{XAVE{b-X)Q^B + QSAVE{b-XXB) 

xb-g{QVcVD + VcQVD))w 
+ {SaQVeX-XXb bgiQVcvVD + vVcQVd))w 
+ ‘^{'d^A^Eib^ b'^)QVc bg ^bQVd)w 
+ ‘^{•=‘A^E{b^ b'^)QVc bg ri^BQyD)w 
+ A^Eib^ b'^)QVE bg ^BQyc)w 
+ 2{SAyE{bX)QyD bgv^BQyx) 

+ — J d^9 ^ d6 (^{{bcibc2)v'^BQycQyD bXAyE)w 

— {{bcibc2)^BQycQyD bgif]^AyE)w^ 
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( 3 - 67 ) 


+ ^ ^ d9 ^ d9' {{rj'I'AVE hg + ^aVe bg r]'d'B) 

xbg,{QVcVD + VcQVD))w, 

- \ j d'^T j d^9 [{v'^BQVc{^,b:bt){bc,bc,)QSAQVDvVE)w 

+ {Q^ BQVc{icbcbt){bcibc2)9'd' aQVdViVe)w^ 

Jd^T^d9 (^{{v'^BQVcib:bt)QSA + QSBQVcib:bt)v'^A) bgVDVE)w 

+ {SBQVc{^,b-bt)v^A bgiQVovVE + vVdQVe))w 
+ 2{7]^BQVcib:bt)QVD bgSAVE)w 

- 2{SBQVc{b-bt)QVD bg7J^AVE)w 
+ ‘^{v'd'BQVcibc bt)VE bg :=,aQVd)w 
+ 2{SBQVc{b;bt)VE bgV'^AQVD)w) 

+ — J d^9 ^ d9 (y{{bcj}c2)'9'd' aQVdVe bg^BQVc)w 

+ {{bcibc2)^AQVDVE bgr]d/BQVc)w'^ 

+ 'f^d9^d9' {{v'^bQVc bgSA - SbQVc bgV'^A) bg,VDVE)w: ( 3 - 68 ) 

- ^Jd^T I d^9 [{v'l'BQVDi^Abt)ibc,bc2)QSAQVcvVE)w 

+ {Q^BQVD{icbcbt){bcibc2)'9'd'AQVcV^E)w^ 

d^T^d9 [{{v'^'BQVD{b-bt)QSA + QSBQVD{b:bt)v'^'A) bgVcVE)w 

+ {EBQVE{icb-bt)v'd'A bgiQVcvVE + vVcQVe))w 

+ 2{r]^BQVD{b:bt)QVc bgSAVE)w 

— 2{:=,BQVD{bc bc)QVc bg r]']/AVE)w 
+ 2{r]<^BQVD{b;bt)VE bg~AQVc)w 
+ 2{SBQVD{b:bt)VE bgr]^AQVc)w) 

+ — J d^9 ^ d9 (^{{bcibc2)v'd'AQVcVE bg ^bQVd)w 

+ {{bcibc2)^AQVcVE bgr]^BQVD)w^ 

+ 'fld9([d9' {{v'^bQVd bgSA - SbQVd bgV'^A) bg,VcVE)w: ( 3 - 69 ) 


34 



- d^e (^{v^BVVE{^cb;bt){bc,bc,)QSAQVcQVn) 

+ {Q^BV^E{^cb~b'^){bcibc2)v'^AQVcQVD)w'^ 

I d^T^de (^{{v^BVE{b-bt)QSA + QSBVE{b:bt)v'^'A) 

xb^{QVcVD + VcQVD))w 
+ {SBQVE{^cb-bt)v^A b^iQVcvVD + vVcQVd))w 
+ 2{7]^BVE{b-bt)QVc b-,EAQVE)w 
+ 2,{^ByE{b^ b'^)QVc bg r]'^AQyD)w 
+ ‘^{v'^BVEib^ b'^)QVE bg ^AQyc)w 
+ 2{SByEib:bt)QyD bgr]^AQyc)w) 

+ — j d^9 ^ d9 {^{{bcJ}C2)9'^AQycQyD bg SByE)w 

— {{bcibc2)^AQycQyD bgr]^ByE)w^ 

+ '^ ^ d9 ^ d9' {{d'i'ByE bgSA + ^ByE bgd^A) 

X bg,{QycyD + ycQyD))w, (3-70) 

= - ^ j d^T j d^9 {QycQyD{^cb;bt){bc,bc,){v'^AQSB + QSAV'l^B)vyE)w 

I d‘^T^d9 [{iQycvyD + vycQyDmb:bt) 

X (2{ri'I'A bg-B - E:a bgrf'I'B + V'^b b'^EA - ^b bgT]'i'A)QyE 

— yE bg {ti'I'aQ^b + Q^aV'^b)J)w 
- 2{{QycyD + ycQyD){b:bt) 

X (^{ri'i'A bgQ-B + QE:a bgri^B + rj'l'B bgQ^A + Q^b bgr]'^A)yE 

~ yE bg {ti'I'aQ'^-b + Q'=‘AV'^b)))w^ 

+ y {ibcibc2)iV'^AQ'=‘B + Q'=‘AV'^B)yE 

X bgiQycyo + ycQyD))w, (3-7i) 

d^9 {QycvyE{^cb;bt){bc,bc,){v'^AQSB + QSAV'l'B)QyD)w 
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.iDE\ABC) 




d^T ^ de {{QVcvVe + vVcQVE){icb:bt) 

X (2{T]'d'A bg^B - S’a bgri^B + v'^'b bg^A - ^b b'^rf'I'j^QVD 

— Vd bg {ti'I'aQ^b + Q^aV'^b)^)w 

+ 2{VcVE{b-bt) 

X (^{t]'I'a bgQ^B + Q^a bg’Tj'I'B + ii^BbgQ^A + QE:Bbgri'^A)QVD 

+ QVDbg {ti'I'aQ^b + Q^aV'^b)))w^ 
d^9 j) dO {{bcibc2){v'^AQ‘=‘B + Q^a'>1'^b)QVd bg VcVe)w, (3-72) 
d^T j d^e {QVDvVEi^cb:bt) 


X {bcibc2){v'^AQ‘=‘B + Q■=-a'U^b)QVc)w 

j d^T^de [{iQVDvVE + vVDQVEmb:bt) 

X (2(7]'!'A bg^B - ^A bgri^B + v'^'b bg^A - ^B bg’q'I'j^QVc 
— Vc bg {ti'I'aQ^b + Q^aV'^b)^)w 
+ 2{VnVEib-bt) 

X (^{ri'd'A bgQ^B + Q^a bgiq'I'B + Ti'I'BbgQ^A + QE:Bbgr]^A)QVc 

+ QVcbg {ti'J/aQ^b + Q^aV'^b)^)w^ 

+ T / {(bcMiv'^AQ^B + QSaV^b)QVc bgVDVE)w. (3-73) 


The last contribution from the NP diagram can be divided into three parts: those integrated 
by four, three, and two moduli parameters, respectively. After a little calculation to align 
the bosons in the hrst part, the dominant contribution, we obtain: 

3 p 

- ^ j d^9 {abc,bc2bc,bc,){v'J^AQSB + Q^A9'J^B)QVcQVDvVE)w 

— — j d^9 ^ d9 (^Q{{bcibc2)v'^AQVcQVD bg ^bVe)w 

— Q{{bcibc2)‘^AQVcQVD bgri]I/BVE)w 
+ Q{{bcibc2)v'^BQVcQVD bg ^aVe)w 
~ Q{ibcibc2)‘^BQVcQVD bgri\I/AVE)w 
+ Q{ibc^bc2)v'^AQycVE bg ^BQyD)w 
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+ Q{{bcibc2)‘^AQVcVE bg Tj^BQVD)w 

+ 6((&Ci^C2)^^aQ^dVe hg ^BQyc)w 

+ 6((6ci^C2)‘^aQ^d^ bg'r]^BQyc)w 
+ Q{{bcibc2)v'^BQycyE bg ^AQyD)w 
+ ^{,{bcibc2)•=-sQycyE bg rj\['AQyD)w 
+ Q{{bcibc2)'<l'^sQyoyE bg ^AQyc)w 
+ 6((&Ci^C2)‘^-bQ^^s bg ri'I'AQyc)w 

+ ^{{bcibc2){v'^AQ‘=‘B + QAV'^B)QyD bg ycyE)w 

+ ^{{bcibc2){v'^AQ‘=‘B + Q‘=‘AV'^B)Qyc bg yoy^w 
+ ^{{bcibc2){V'^AQ^B + Q‘='AV'^B)yE 

xbg{QycyD + ycQyD))w 

+ 2((6ci&C2)(Q^c^d + 

X bg {ti'I'aQ^b + Q^aV'^b))w^ 

-'^fde^dO' (^{{v'I'aQSb + Q^aV'I'b) bg{yc b-y^ + yn bg,yc)yE)w 

+ S{{ri'i'AQyc bg^B - ^AQyc bgr]'I'B 

+ V'^BQyc bg — ■=‘BQyc bg TI'I'a) bg,yDyE)w 

+ ?>{{j]'l/AQyD bg ^B — ■=‘AQyD bg rj'l/B 

+ rj'^BQyO bg Sa — ^BQyO bgTj'l'A) bg,ycyE)w 

+ ?>{{ri']/AyE bg ^B + '=‘AyE bg r]WB 

+ V'^ByE bg^A + ^ByE bgTj'l'A) 

X bg,{QycyD + ycQyD))w)- (3-74) 

The total amplitude is given by summing all these contributions. One can show that the 
boundary contributions integrated over less (two or three) moduli parameters are canceled, 
and consequently the total amplitude becomes the sum of the dominant contribution of each 
diagram: 

Af^b^ = (fTi(fT 2 (^{{r]^'BQyc{b~^bX)ri'^A{b~^b^ 2 )QyDVyE)) + 14 termsj 
+ (fT(f6 (^{{ri'l'Ari'^Bib~b^){bcibc 2 )QycQyDVyE)) + 9 termsj 
+ fi;^y d‘^0 {{{bcibc2bc3bci)v'PAV'PBQycQyDVyE))- (3-75) 
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Each contribution again has the same form as that in the bosonic closed string held theory 
after imposing the constraint if we identify the external bosonic strings and QV or rjV. 

Hence the two-fermion-three-boson amplitude is also reproduced by the new Feynman rules. 

§4. Conclusion and discussion 

In this paper we have reconsidered the symmetries of the pseudo-action of the heterotic 
string held theory. It has been found, at some lower order in the fermion expansion, that 
the missing gauge symmetries, which were considered to be present only in the equations of 
motion, are realized as the symmetries provided we impose the constraint after the trans¬ 
formation. Respecting also this type of gauge symmetry, we have proposed a prescription 
for the new Feynman rules and shown that they actually reproduce the correct tree-level 
amplitudes in the case of the four- and hve-external strings including fermions. 

An important remaining task is to prove that the new Feynman rules actually reproduce 
an arbitrary on-shell amplitude at the tree level. For this purpose, it is necessary to complete 
the pseudo-action, which has only been obtained at some lower order in the number of 
fermions or string products.® The new kind of symmetries must play an important role 
in this construction and proof. The Feynman rules should also be extended to be able to 
calculate general loop amplitudes, for which we need to introduce an inhnite sequence of 
ghosts for ghosts and construct the quantum action satisfying the Batalin-Vilkovisky master 
equation.®® It is still unclear what role the pseudo-action can play. It is important to 
clarify whether the apparent difficulty coming from the duplicated off-shell fermions actually 
causes an inconsistency. It is also worthwhile studying the off-shell amplitudes obtained by 
the new Feynman rules and comparing the results with those obtained by the rules proposed 
recently.® 
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Appendix 


The gauge symmetries provided by the constraint given in ^ ^2.31 have only been shown 
to exist at some lower order in the fermion expansion. Up to the order discussed in the 
text, however, the transformation of the pseudo-action is proportional to the constraint 
in the lowest order of the fermion expansion: Qg^ = is therefore worthwhile to 

show that the transformation including the next-order corrections properly transforms the 
pseudo-action to the form proportional to the constraint correctly including the next-order 
corrections. Including the next-order pseudo-action,® 

■Sh| 6 | = - W^QgI', (Qc^fh + («g.H)’ 1 g 1 g) 

- IS'.QgS, [S', (QgH)"Ig]g) - (S', (QaSf, [S', QgHIgIg), (A'l) 

we can find that the next-order di-transformation has to be 

WgS)".’(Ai]g + [J'.QgS'. (QcSf,r,A,]a]c 

+ Qg^. W. {QgS)\ vMg]g + QgS, W, Qg^, QgS, vA]g]g 

AfC^ 

+ Qg^, Qg^, [^, Qg^, vA]g]g - {QgS)^ [^, Qg^, vA]g]g 

- -[[! Z /, Qg^]g, {QgS)\vMg - QgS]g. Qg'I', QgS, vMg 

- Qc'f, QGS]a,f,QcS, V^th - ^ IIS'. {QcS)%, S', Qcf, i)Ai|g 

- Qg^, {QGmG, vA,]g - vA,]g]g]g 

- [^, QgS, [^, QgS, vAi]g]g]g + Qg^, W, W, Qg^, vAi]g]g]g 

+ [^, QgS]g, [^, Qg^, vAi]g]g + [[^, QgS]g, Qg^, vAi]g]g 

oDk® IDk^ 

+ {QgS?]g, vAi]g]g + Qg^, [W, QgS]g, vAi]g]g 

OflK-^ 1 Dk® 

- QgS]g]g, 'P, QgS, vA,]g - ['P, {QG^Gh, vA,]g 

5 5 

- Qg^, W: Qg^]g]g, ^21i]g - QgS]g, W, QgS]g, h^l]G, (A-2) 

{Qg^T^vAiIg + [^5 {Qg^)^,vAi]g]g 

+ (QgS’)^, vAi]g]g + (QgS")^, W, Qg^ , vAi]g]g 
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4 

- (5g-]g,!^, (Qg-)^,^741i]g-(^g'-)^]g,!^, <5g-,^741i]g 

5 5 

+ (<5g‘^)^]g, ''741i]g + ['^:Qg' 1', iQG^)‘^,V^l\G]G 

5 5 

- [^’ [^’ (Qg‘5’)^,?7/Ii]g]g]g - QgS", [!^, (5g‘5’,?7/Ii]g]g]g 

5 5 

+ [W,Qg^]g,'1',Qg^,V^i\g]g + [[^’ (Qg‘5’)^]g,!^,^741i]g]g, (A-3) 

r„i 2 / 1 "^ 

b\ 1^ = -^['I',{QG^T,{QGB)^,riAi]G - W:Qg^, {QgB)^,V^i]g]g 

- — [^, Qg^, [!^, {QgB)\ r]Ai]G\G - QgB, [^, Qg^, {QgBY, vAi]g]g 

4 / tj ^ 

- —[^, Qg^, QgB, [^, {QG^f, vAi]g]g - [^, (QgB^, ['P, Qg'P, QgB, vAi]g]g 

- Qg'1', {Qg^Y, [!^, (5g‘5’,?7/Ii]g]g + (QgB)^, <5g!^,''7Ai]g]g 

+ Qg!^]g, (QgS")^, 77Ai]g + “^[[^> Qg‘5’]g, Qg!^, {QgB)"^, vAi]g 

4 / tj ^ 

+ Qg!^, Qg-^Ig,!^, (Qg‘5’)^,77Ai]g + (Qg‘^)^]g, Qg!^, Qg‘5’,?7/Ii]g 

+ ^l|!f, «g!?, (QcS?\c, f, «gH, ^ [|!?, («gH)’1g, f, Qaf, iMa 

+ ^[W.QgI', (QcSfh^'t.nMa + ^[f, |!f, |!f, (QcSf.nMahh 

4^6 

+ — [Ip', [>P',gG^, W, (gG^)",^Ai]G]G]G + W. (gG^)^ gG^,^Ai]G]G]G 

1x^6 1 

+ — [S>, QoE, [S', [S', (QGS)^ (J/IiIgIgIg + QcS, [S', QgH, [S', QcS, '(^JgIgIg 

tx ^6 Q K"^ 

- (gG^)^ [!^, [!^, gG^, ^Ai]g]g]g - [[!^, gG^]G, (gG^)^ ^Ai]g]g 

- Ij- [!P', [[!P', (gG^)']G, gG^, ^Ai]g]g + [W, {QgB)^]g, vAi]g]g 

K® 1Dk® 

- ^I*-, QcS, IIS', QcS]b, 't, QcS, ))/ 1 ,|g]g - -^l»'. QcS, US', (QgH)"]g, S', '(AiIgIg 

^K® ^K® 

- (gG^)^ [W, QgB]g, vAi]g]g - W, QgB]g, W, {QgB)\vAi]g]g 

^K® l^K® 

- —[^, [^, {QgBY]g, [^, QgB, vAi\g]g - QgB, ['P', gG^]G, [!^, QgB, vAi\g]g 

l^K® IOk® 

+ -^[[!^, gG^]G, [!^, gG^]G, Qg^, vAi\g + QgB]g, (gG^)lG, ^Ai]g 

^K® ^K® 

+ —[[!P', [!P', gG^ldG, (gG^)^ ^Ai]g + -^[[!P', [!P', (gG^)lG]G, gG^, ^Ai]g 
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2k® l^K® 

- —[[^, [^, (gG^)"]G]G, vMg + Qg^, [!^, Qg^IgIg, Qg^, vMg 

2k® 

+ —[[^, QgS, [^, (gG^)lG]G, vMg 

Qk® 

+ -^[W, {Qg^Y, W, gG^]G]G, ^21 i]g. (A-4) 

Then the transformation of the pseudo-action at this order is given by 

SaISnS + 41^i^[2] + 

= W^Qg^, [y^W,V'^,QG^]G] ■,Qg^]g]g) 

- , [(gGH)lG]G) 

+ ^(hAl, [(gG^)^ (^[^,T1'^,QgS]^]g\g) 

- [(^W-:V'^-:Qg^](^ ,Qg^: gG^’lc] g) 

0^5 3 At"^ 

- “^(^^1’ ['^,Qg^, [Qg'^', (gG^)^]G]G) + [^’ I.Qg'I', (gG^)^]G]G) 

3 At"^ 3 at^ 

- -^{vA, [{Qg^?, [!^, Qg'^', V'^, gG^]G]G) + -^(vA, [v'^', Qg^, [!^, Qg'1', (gG^)lG]G) 

5 5 

- W, Qg'^. Qg^: W, (gG^)lG]G) + ^(hAl, W: Qg'^. V'P, [(gG^)"]G]G) 

5 5 

- (gG^)^ [gG'^, v'^: gG^]G]G) + ^(hAl, W: Qg^: [Qg'^': (gG^)lG]G) 

5 5 

- [gG'^, (gG^)^ W: gG^l^G) + ^(hAl, [gG?^, v'^: Qg^: W: (gG^)lG]G) 

5 5 

- [(gG^)^ [!^,gG!^,h!^]G]G) + '^ivA, W: (QgA^ WAg'^': gG^]G]G) 

3ai'^ 3ai'^ 

- -^{vA, [!^, Qg'I', {Qg^?, [v'^', gG^]G]G) + -^ivA, [!^, Qg'1', Qg^, [(gG^)lG]G) 

3 AT^ 3 AT^ 

- -^{vA, [Qg'I', {QgA^ ['^,vAg]g) + -^{vA, [Qg'1',v'^', {QgA^ [!^,gG^]G]G) 

3 AT^ 3 A:"3 

- -^{vA, [(gG^)^ ['A, [!A, r/!A, gG^]G]G]G) + -^(vA, [v^, Qg^, W, W, {QgS)^]g]g]g) 

3k® ^k® 

- -^{vA, [!A, QgS, [Qg^, [!A, r/!A, QgAg\g\g) - "^ivA, [!A, Qg^, [v'^', [!A, (gG^)lG]G]G) 

Sk® 

+ -^{vA, W,V^, [Qg^, W, (gG^)lG]G]G) 

2k® 2k® 

+ -^{vA, W, Qg^, W, [v'^', (gG^)lG]G]G) - -^ivA, W,V'^, W, [(gG^)"]G]G]G) 
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Q 

- [{Qc^f. [^,QgS]g\g\g) 

+ W,Qg^, [!^,QgS, [^,Qg^]g]g\g) 

/tj^ 3 

- Qg‘5’, [(QGS’)^ ?7!^]g]g]g) - -^Mi, [!^, Qg^, W, Qg^, W, QgS]g]g]g) 

0^5 

+ [(QG^)^ ['^,QgS]g]g]g 

- |-(^^1, [5^, Qg^, W, QgS, W, QgS]g]g]g) + W, QgS, W, V'^', [(QgS)1g]g]g) 

- |-Ml’ [5 ^,QgS, [(QgS)1g]g]g) 

2k® 2k® 

- [(QG^)^ w, [^.v'^^hhh) + W, (QGS)^ [5^, ['^,Qg^]g]g]g) 

2k® 2k® 

- -^(^^1, [!^, (QGS)^ [QgS, [^,v^]g]g]g) + ['1',V^,QgS, [QgS, ['P,QgS]g]g]g) 

2k® 2k® 

- -^(^7^1, W, (Qg^Y, W, [^7!^,QgS]g]g]g) + W,V'1',QgS, W, [(Qg^)1g]g]g) 

3/^/^ Saij^ 

+ -^(^^1, [QgS, [^, QgS]g, W, Qg^]g]g) - [Qg^, W, V'l'h, [^, (QgS)1g]g) 

+ Qg^]g, W: (Qg^)']g]g) 

Sk® Sk® 

+ [(Qg^)^]g, W, Qg^]g]g) - Qg^]g, W, (QgS)^]g]g) 

2k® 2k® 

- —^{rjAi, [^, [^,QgS]g, [v^, (QgS)1g]g) + W,V'1']g, [(QgS)"]g]g) 

- -^(^^1, [{Qg^?, [^, V'^h, ['P, QgS]g]g) + [v'l', QgS, W, QgS]g, ['P, QgS]g]g) 

- -^(^7^1, [!^, QgS, W, QgS]g, [v^, QgS]g]g) + Qg^, W, V'l'h, [(QgS)1g]g) 

Sk® 

+ Qg^]g, [(Qg‘5’)^]g]g), (A-5) 

where the hrst four terms give the 0{^^) corrections to the constraint in the previous order 
result 02-431) ■ 

The yli/ 2 -transformation at the next order is similarly obtained as 

'^T/2^ ^ Qg'I', (QgS’)^, QgAi]g - [^, {Qg^)^, QgAi]g]g 

2k^ 2k^ 

+ —[^, QgS, [^, QgS, QgAi]g]g + {QgS)\ W. QgAi]g]g 

2k"^ 4k"^ 

+ Qg-^Ig, 5^, Qg ^, <5gAi]g + “^[[^> (Qg‘5’)^]g, QgAi]g, (A-6) 
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,Qg^^]g - ,Qg^^]g\g, (A-7) 

5 5 

Qg'1', {Qg^A, QgAi]g + -^[5^, [5^, (Qg‘5’)^, QgAi]g]g 

Q^5 o 5 

+ Qg^i ['^i {Qg^Y, QgAi]g]g- {Qg^Y, Wi Qg-, QgAi]g]g 

o! 2 5! 2 

9k^ q,^5 

- in-l'f, (<^G^)^ W, QcAMg - -Grl[!f. QcS\o, f, (QaS)\ Og^jIg 

o! 2 5! 2 

2k® 2k® 

-(Qg-)^]g, Qg^iQg^Yg + {Qg^Y]g, QgAi]g, (A-8) 

o! 2 5! 2 

which transform the pseudo-action to 

= ^{QaAi,[QcS,[S, (|^['f,-)'f.«GSlG)lGlG> 

- d{QoA., [(d[j,,.,*,,Q„S|G) , |H,QgH]gIg> 

- |-(QgAi, [Qg^, {Qg^Y]g]g) + |-(QgAi, [!^, (QgS)"]g]g) 

2k^ 2k'^ 

+ 1G-(«gP1i, [!f, Qg-H, (Qg^?]c\g) - 1G-(QgPIi, If,!;!?, KeG^j^lGlc) 

d! 2 5! 2 

2k^ 2k'^ 

- SriQGAi. KQg-H)", [!f,>)!f.OGSlGlG> + -JtWgPIi, W^QgS, [K, {Qg^)%]g) 

d! 2 5! 2 

+ ^{QgAg [f, (Qg^)\ hS^.^G^lclG) - d{<3GPll, [!f, >)!f, Og-H, |(«GS)tGlG>. (A-9) 

5! 2 5! 2 

The first two terms give the correction to the constraint in fl2-50p . 

The pseudo-action is invariant under the yl 3 / 2 -transformation up to the order discussed 
in the text. If we improve the transformation by adding the next-order transformation, 

^?l/2^ = - {Qg^YMYg + (QG^)^^A3]G]G 

AfC^ fc^ 

+ -^[!^,Qg^, Qg^,^A3]g]g - {Qg^Y. [!^,^?A3]g]g 

6k^ 2k^ 

- —[[^, QgS]g, Qg^, v^ih - -^[W, {QG^Yh, v^ih (A-10) 

^^1/2“^^ - ^[5^, (Qg‘^)^,^A|]g + [ip', (QG‘5’)^,r7A|]G]G, (ATI) 

2k® 2k® 

= -^kA'I',Qg'P, {QgBY, vy^lh - ['P, (QG^)",r7T3]G]G 

0^5 /c^ 

- QgB, (QgBY, ^?T3]g]g - {QgBY, QgBMY\g\g 
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(A'12) 




+ (Qg-)^, W, V^^]g]g + Qg^]g,'^, (Qg-)^,^7^|]g 

5 5 

+ ^[[!Z>, (Qc^fh: Qg^: V^]g - ^[[!^, (QG^fh: V^i]g: 


it transforms the pseudo-action nontrivially as: 


S^aIAs + S^aIA 2^ + S^lSnu, + 5^^'S 


^3/2 


^3/2 


^3/2 


^3/2 


R[6] 


= - W^Qg-Av'^, (Qg-)^]g]g) + [(<5g-)^]g]g) 


K, 


K, 


- [(<5g-) , ['1',V'^,Qg-]g]g) + <5g-, (<5g-) ]g]g) 

3^4 

(r/yl|, [!Z>, {Qc^f, [r/!^, Qg^]g]g) + [(Qg^)1g]g) 


6 ! 

3k^ 


6 ! 

3^4 3 4 

-gi-('<4j. KOgH)®, [*■, ijS^IgIg) + ini', {QcS)\ [i,QaS\a]a)- 


(A-13) 


The right-hand side vanishes under the constraint. 

Last of all, the yli/ 2 -ti’ansformation can be found as: 


r , 2 k^ 7k^ 

4 J = - — {Qg'^Y, Qg^, V^i]g + — [!^, Qg'^', Qg^, V^^ihh 


n/2 


d4] 


' 1/2 


3^4 28k^ 

+ Qg^, Qg^, V^^Ug + Qg^, ['P, Qg'P, V^i]g]g 

R^4 2ig4 

+ Qg'P, Qg^, [!^, h^l]G]G - ^ [['P, QG'Ph, Qg^, V^i]g 

7^4 3^4 

- —[[^, QgS]g,^,Qg^,V^i]g - -^[W, Qg^,Qg^]g,^,V^i]g 

4^4 g^4 

- —[^, [^, [^,QgS,7]Ai]g]g]g - W,Qg^, [^,v^i]g]g]g 

32k^ 1 r^4 

- -^W, Qg^, W, [^,riAi]G]G]G + -^W, [W,Qg^]g,'^,V^i]g]g 

8/-4 4^4 

+ W,Qg^]g, W,V^i]g]g - -^[W, [^,QgS]g]g,^,V^i]g, 

2ig4 ^4 

= - -^W^Qg'I': iQG^f:V^l]G + ^ W: (Qg^^: V^i]g]g 

3^4 3 4 

+ —[Ip', QgS, [^, QgS, vAi]g]g + -ttW, {QG^f, w, vMGh 


5! 

7k^ 

2k^ 


[[!P', QgS]g,'7',Qg^,V^i]g 


5! 
14/t;^ 


^^i~,W,Qg'1',Qg^,V7^i]g]g 


[[!p',(gG^)2]G,!P',^ii]G 
Z,[^, [^,QgS,7]Ai]g]g]g 


4 4 

\i, QgS, [S', riA^hhic + |i-|H, [1^', Qa^h, i, ))4j]gIg, 


(A'14) 


(A-15) 
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^ [!^,Qg!^, (gG^)^r/il]G]G 

3^5 21k^ 

- — [^, Qg^, [^, {Qg^?, V^i]g]g - Qg^, ['P, Qg'P, Qg^, V^i]g]g 

0^5 -7^5 

- — [^, Qg^, Qg^, ['P, Qg^, V^i]g]g - [^, {Qg^?, [^, Qg'P, V^i]g]g 

- — [!Z>, Qg'I', (gG^)^ W, V^i]g]g + -^[W, QG'^h, (gG^)^ V^i]g 

21k® Qk® 

+ -^[['P, Qg^]g, Qg'P, Qg^, vMg + -^[['P, Qg'P, Qg^]g, Qg^, vMg 
o! 2 o! 2 

7k® Qk® 

+ —[[^, {Qg^?]g, Qg'^', vMg + -^[[!^, Qg!^, (gG^)']G, V^i]g 

o! 2 5! 2 

+ —[^, [^, [^, {Qg^Y, vMg]g]g + -^[!^, [!^, Qg^, Qg^, ^21i]g]g]g 
o! 2 5! 2 

Qk® 2k® 

+ —[^, [^, {Qg^Y, [^,vMg]g]g + —[^,Qg^, [!^, [!^, Qg^,V^i]g]g]g 
o! 2 5! 2 

4fi^ Q 

+ ^[!^,gG^, W, Qg^, [!^,r?2li]G]G]G + (gG^)^ [!^, [!^, i]g]g]g 

21k® ~ 7k® 

- Qg^Ig, Qg^, ^21i]g]g - [[!^, (gG^)']G, ^21 i]g]g 

8k® ~ 2k® 

- ^ ['P, Qg^, [['P, Qg^]g, V^i]g]g - ['P, Qg^]g, ['P, Qg^, V^i]g]g 

~ 4Ai'^ 

- —[^, [^, {Qg^)%, [!^,^21i]g]g - Qg^, [!^, Qg^Ig, [!^,^?21i]g]g 

2/tj^ 8/tj^ ~ 

+ [5^. Qg^IgIg, Qg^, V^i]g + -^[['P, ['P, (gG^)']G]G, V^i]g 

4:K^ - 

+ —[[^, QgS, [^, Qg^IgIg, ^21i]g 

Ak.^ 

+ —[[^, Qg^]g, ['P, Qg^]g, ^21i]g, (A-16) 

which transforms the pseudo-action as: 

/«[6, 

= -^Mi, [Qg^, [5^, (^^W,v'^,Qg^]g^]g]g) 

- [(^^W,V'^,Qg^]g^ , [!^,gG^]G]G) 

4 4 

- [Qg^, ['P, Qg'P, V'^, Qg^IgIg) + , [7]^, [^, Qg^, (gG^)lG]G) 

4 4 

- [!^,gG^, [gG!^,h!^, gG^]G]G) + (gG^)lG]G) 
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2k^ 2k^ 

- QgS, [!^, QgS]g]g) + [Qg^, V^, [^, [QG^fhh) 

‘ifA 3^4 

- [(QGS)^ [!^, Qg!^, ?/!^]g]g) + Qg^, [^, Qg^, Qg^]g]g) 

3^4 3 4 

- [tZ^, Qg*^, QgS, [v^, Qg^]g]g) + [!P',QG‘Z^,r7!Z/', [{Qc^fhh) 

0^4 _ Q 4 

- [<5g!Z^, (QGS)^ [!Z^, ?/!Z/']g]g) + [Qg!Z^, QgS, ['P, QgS]g]g) 

91-4 2k^ 

+ [5^, [QgS, [!P',r7!^,QGS]G]G]G) - [5^. [^5^. [5^. (Qg^)1g]g]g) 

4 4 

- [QgS, W, ['P,v'1',QgS]g]g]g) + (QgS)1g]g]g) 

2i-4 2k^ 

- [5^. [5^,Qg^, [r7!Z^,QGS]G]G]G) + [(Qg^)1g]g]g) 

4 4 

- [5^, [{Qg^Y, [^,V'^]g]g]g) + [v^,QgS, [!Z^,QgS]g]g]g) 

2/-4 __ /-4 _ 

- [QgS’, [!Z^,QgS’, [!Z^,?7!Z^]g]g]g) - [Qg-S", [!Z^,?7!Z^, [!Z^,QgS’]g]g]g) 

3^4 

+ W, Qg^, W, QgS]g]g]g) 

4^4 _ 2k^ 

- -^Mi, [!Z^,Qg^, [<5g^, [!^,^Z5^]g]g]g) + -^Mi, [!Z^,Qg^, [^5^, [!^, Qg^]g]g]g) 

0! 2 0! 2 

2i-4 

+ -^{v^i, W, V'^, [Qg^, [5^,Qg^]g]g]g) 

0! 2 

2k^ ~ 2k^ 

- -^Mi, W.Qg^. W, [^'^,Qg^]g]g]g) + W. [(Qg^)']g]g]g) 

0! 2 5! 2 

- [{Qg^Y, ^'Z>]g]g]g) + W,Qg^, [!^,Qg^]g]g]g) 

8^4 _ o 4 

+ Qg^]g, Qg^]g]g) - [[5^>^5^]g, W, (Qg^)^]g]g) 

- [!Z>, [!Z>,Qg^]g, W,Qg^]g\g) + [^’ [^>^^]g> [(Qg^)^]g]g) 

3^4 

- [Qg^, [5^,^Z5^]g, [!^,Qg^]g]g) 

3^4 

+ [!Z/, Qg^]g, [!^, Qg^]g]g)- (A-17) 

The first two terms give the correction to the constraint in fl2-62p . 
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